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Abstract: A general scheme for a field redefinition (FR) of the coframe and the connection
is developed. Within a Yang–Mills type gauge dynamics of gravity, configurations with double
dual curvature induced by a θ-type Chern-Simons terms as generating function reside on an
effective Einsteinian background. The effect of the FR on the renormalization and the relation
of gravity to effective string models is studied. One encounters a duality of weak and strong
couplings of Einsteinian and renormalizable Yang–Mills type gravity as well as an induced
cosmological constant of the Anti–de Sitter space.
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1. Introduction

The duality of electric and magnetic fields in Maxwell’s theory was already known

to Von Laue [91] and Silberstein [89]. Later it was generalized to the symmetry of

duality rotations by Rainich [87] and developed further in geometrodynamics by Misner

and Wheeler [74], cf. [61]. More recently, Motonen and Olive [76, 82] noted that then also

a duality of the strong-weak coupling regime of gauge fields is generated, the so-called

S–duality. In the context of magnetic monopoles it plays nowadays a predominant role

in M–theory [18, 96].

We are going to apply this to a Yang–Mills–type formulation of gravitational inter-

actions, regarding it as a field redefinition [38, 39, 66]. In general, not only the energy–

momentum content of matter, but also its spin couples to a dynamical geometry with
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translational and Lorentz-rotational curvature [32, 34]. This general framework encom-

passes the Einstein–Cartan (EC) theory as an important (but from the variational point

of view degenerate) subcase which is macroscopically indistinguishable from Einstein’s

theory of general relativity (GR).

2. Field Redefinition Scheme

In perturbative quantum gravity [1], there arise counterterms ∆V of higher order in

the curvature. According to ’t Hooft [38, 39], these terms can be simulated, already on

the classical level, by a field redefinition (FR)

gij → g̃ij = gij + aRicij + bgij Rick
k (2.1)

of the metric in the first order approximation. In exterior form notation, the symmetric

Ricci tensor is the holonomic version of the zero-form Ricαβ := ∗(R(α
δ ∧ ηδ|β)). In a

gauge framework based on the Poincaré group and summarized in the Appendix, the

independent variables are the one-forms ϑα and Γαβ. Then a generally nonlinear FR of

these basic variables are dictated by the appropriate form degree and the correct physical

dimension:

ϑα → ϑ̃α := ϑα + `2 eβc ∗Hαβ , (2.2)

Γα
β → Γ̃α

β := Γα
β + `2 eαc ∗Hβ . (2.3)

Here the field momenta Hα and Hαβ are understood as arising from a generating n–

form G as part of some effective gauge Lagrangian Veff which includes the counterterms

from the searched-for renormalization. Observe also that a fundamental length ` squared

necessarily occurs for dimensional reasons. These deformations of the gauge potentials

can also be viewed as nonlinear prolongations [6].

As a consequence, the spacetime metric

g = gij dxi ⊗ dxj = oαβ ϑα ⊗ ϑβ . (2.4)

gets redefined by

g → g̃ = g + 2`2oαβϑα ⊗ eµc ∗Hβµ + `4oαβeµc ∗Hαµ ⊗ eνc ∗Hβν , (2.5)

i.e. by curvature excitations1 up to quadratic order. This generalizes ’t Hooft’s ansatz

(2.1) for the metric, used there in an attempt at perturbative renormalization of GR on a

Riemannian background. For a general counterterm ∆V in the effective gauge Lagrangian

Veff , our geometrical variables become redefined according to the “intertwining relations”

(2.2,2.3) via the corresponding Heff .

1 For nonvanishing non-metricity Qαβ := −Dgαβ , there would be an additional FR of the anholonomic
metric via gαβ → g̃αβ = gαβ + ∗mαβ where mαβ := −∂G/∂gαβ is an n–form, cf. Eq. (3.11.13) of
Ref. [34].
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The dual two-form and the volume four–form are deformed according to

ηαβ → η̃αβ = ηαβ + `2ηαβγ ∧ eµc ∗Hµγ +
`4

2
ηαβγδ(eµc ∗Hγµ) ∧ (eνc ∗Hδν) , (2.6)

and

η → η̃ = η + `2ηαβ ∧ ∗Hαβ +
`4

2
ηαβ(eµc ∗Hαµ) ∧ (eνc ∗Hβν) + · · ·

+
`8

4!
ηαβγδ(eµc ∗Hαµ) ∧ (eνc ∗Hβν) ∧ (eρc ∗Hγρ) ∧ (eωc ∗Hδω) , (2.7)

respectively.

In our dynamical approach, the (n−2)–forms Hα and Hαβ will be gauge field momenta

canonically conjugated to the coframe and the Lorentz connection, respectively. Due to

the semidirect product structure of the Poincaré group P := R4 ⊂× SO(1, 3), the gauge

field momenta contribute to the gauge potentials via Hαβ → ϑα and Hα → Γαβ in the

field redefinition (2.2,2.3) just in an intertwined manner.

In the four–dimensional gauge theory, a Hodge star for gauge field momenta H can

be dismissed as it is done in Ref. [66], but in dimension n 6= 4 it is necessary to use ∗H
in order obtain the correct form degree. In the FR (2.3) of the connection we could have

included, similarly as for Yang–Mills fields, the term `2 ∗DHα
β. However, ‘on shell’, i.e.

when the vacuum field equation (5.18) is satisfied, this is equivalent to ∗ (
Hβ ∧ ϑα

) ≡
eαc ∗Hβ due to the identity (3.7.13) of Ref. [34]. In the FR (2.2) of the coframe, the same

situation arises, with the modification that the ‘on shell’ term ∗DHα ∼= ∗Eα is second

order in the field strength and therefore equivalent to a higher order generation functional

G. When coupling to matter, FRs have to be taken with care because they may induce

violations of the macroscopic principle of equivalence, cf. Brans [11].

2.1 Legendre transformation

For exhibiting physically equivalent gauge field Lagrangians via a Legendre transforma-

tion, let us proceed from the Hilbert–Einstein of general relativity (GR) or the Einstein–

Cartan (EC) Lagrangian

VEC = − 1

2`2
Rαβ ∧ ηαβ (2.8)

as an example [95].

If we compare this with the more general Lagrangian

Ṽ = −
K∑

k=0

(1/2k) Rαβ ∧
(2k)

H αβ + Vθ , (2.9)

which is quadratic, quartic, etc. in the curvature. The first term in this expansion corre-

sponds to the Stephenson-Kilmister-Yang (SKY) Lagrangian quadratic in the curvature

[94, 36, 46, 98, 58, 97]. The gauge field momentum H̃αβ := −∂Ṽ /∂Rαβ can be expanded

as H̃αβ =
(2)

Hαβ +
(4)

Hαβ + · · · . For the time being, the field momentum H̃α := −∂Ṽ /∂T α
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conjugated to the torsion Tα := Dϑα is put to zero. From the field equations (5.17, 5.18)

of PG theory, we can then infer the resulting Yang–Mills type field equations

−Ẽα := −eαcṼ − (eαcRβγ) ∧ H̃βγ = Σα , (2.10)

DH̃αβ = ταβ . (2.11)

However, the Legendre transformation [42, 66]

Ṽ → V = −1

2

(
Rαβ ∧ H̃αβ − Ṽ

)
(2.12)

provides a physically equivalent gravitational Lagrangian V . (The overall factor 1/2 is

chosen so as to render the EC Lagrangian invariant.) The new rotational gauge field

momenta

Hαβ := − ∂V

∂Rαβ
= H̃αβ +

1

2
Rµν ∧ (∂H̃µν/∂Rαβ) , (2.13)

will depend on the Hessian

H̃αβµν :=
∂2Ṽ

∂Rµν∂Rαβ
= −∂H̃µν

∂Rαβ
(2.14)

of the Lagrangian Ṽ we started with.2

2.2 Constant Hessian and S–duality

As the first illustrative case let us first consider a constant Hessian, i.e.

H̃αβµν = 2θLg[α|µgβ]ν + θ?
L ηαβµν (2.15)

arising from the curvature type θ terms in the topological term Vθ. Then from (2.13) the

following form for the new rotational field momenta can be inferred

Hαβ = H̃αβ − θLRαβ − θ?
LR

(?)
αβ , (2.16)

where we disregard for the moment a kernel discussed below in (2.19). Note that the

θ-terms can be regarded as induced via the boundary terms (5.15) of Pontrjagin and

2 Capovilla et al. [12] presented a reformulation of GR in which a gauge potential and an arbitrary scalar
density σ =

√| det gµν | (but no metric) occur as dynamical variables. Then the Hodge dual is constructed
via ηαβγδ := σ εαβγδ, i.e. from the Levi–Civita symbol multiplied by this scalar density. Following
Jakubiec and Kijowski [42], we have pointed out [66] that this reformulation as well as Ashtekar’s
complex variables [2, 3] can be interpreted as a FR applied to the EC Lagrangian. By translating the

SO(3, C) formulation of Ref. [12] into our formalism, the equivalent of
(4)

Hαβ = Rγδ ∧ ∗(Rαγ ∧Rβδ) is the
only nonvanishing term. By varying Ṽ with respect to Γαβ and σ, the vacuum field equation DH̃αβ = 0
and the energy–momentum trace (ϑα ∧ Ẽα)/σ = (4Ṽ + 2Rαβ ∧ H̃αβ)/σ = 0 are found. If we insert this
(4)

Hαβ into the metric, the curvature plays the role of a ‘cubic root’ of the deformed metric (2.5), similarly
as in the chiral alternative of ‘t Hooft [40]. In our scheme. however, also order six terms will arise.
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Euler, respectively. Using the decomposition (5.12) into self– or antiselfdual fields with

respect to the Lie dual, this can be resolved for the curvature as

R
(±)
αβ =

1

(θL ± θ?
L)

(
H̃

(±)
αβ −H

(±)
αβ

)
(2.17)

with a coupling constant which is inverse to those of the θ terms. Then upon the Legendre

transformation (2.12), the new Lagrangian can be rewritten as

V = − 1

2(θL ± θ?
L)

(
H̃

(±)
αβ −H

(±)
αβ

)
∧ H̃αβ +

1

2
Ṽ . (2.18)

Thereby the originally weak coupling to the θ terms is converted to a strong coupling

regime 1/θ for the field momenta and vice versa. This so-called S–duality of strong

and weak coupling was first noted by Motonen and Olive [76] in the contex of magnetic

monopoles and plays nowadays a prominant role in M-theory [18, 96]. In the context

of non-Abelian Yang–Mills theories, a related equivalence with respect to S–duality was

first encountered in Refs. [24, 75] and then, in a particular case, applied [26] to the

MacDowell–Mansouri gauge theory of gravity .

2.3 Vanishing Hessian: GR as a stable fix point

Since EC theory may arise from different higher order models, we have an infinite am-

biguity in such a “renormalization” program, cf. Kaku [44], p. 210. However, we can

improve this by showing that EC theory is a stable fix point of the quadratic SKY gravity,

e.g. For a fixed point of the transformation (2.12), the Hessian H̃αβµν obviously has to

vanish. This condition, i.e. ∂H̃µν/∂Rαβ = 0, can be readily solved. If parity violating

terms such as θT Rαβ ∧ ϑα ∧ ϑβ arising from the Nieh-Yan term (5.7) are admitted, then

we obtain the relation

η̃αβ :=
θ∗T
2

ηαβ − θT

2
ϑα ∧ ϑβ − `2 H̃αβ = 0 (2.19)

which can be regarded as a singular FR derived from (2.2), but arising from a different

effective3 Lagrangian Ṽ .

Accordingly ηαβ and H̃αβ interchange their role as generalized coordinates and mo-

menta, respectively. If we had started from Ṽ = VEC then we would be led back to

V = VEC for the choice θ∗T = 1 and θT = 0. In the case θ∗T = 1 and θT = i this leads

to a chiral formulation of gravity [65]. Thus, the EC Lagrangian or its chiral version

remains as a “stable” Lagrangian under FR, provide we embbed it in a class of gravity

Lagrangians for which VEC is located at some local minimum.

Our gauge framework clearly exhibits the coupling to fundamental matter, such as

to the Dirac field. If we reinsert (2.19) into (2.11), we recover the algebraic Cartan

type equation ηαβγ ∧ T γ = 2`2 ταβ . In the Dirac case, this implies a nonvanishing axial

3 In D=11 supergravity, a similar relation holds after compactification for the 7-volume form on S7, i.e.
η7 ≈ H = −∂V/∂dB, where B is the Kalb–Ramond three–form, cf. [18].
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torsion. However, as already stressed by ’t Hooft [39], a FR of the coframe may ruin

the nice features of the Dirac Lagrangian which, in GR and its RC extensions, has to be

formulated in terms of ϑα in a multiplicative way: Dangerous derivative couplings must

be avoided in the Dirac equation and the positivity of energy needs to asured during this

procedure [90].

In the transformation to Ashtekar’s complex variables, the coframe is kept fixed,

whereas the connection is subjected to the complex FR Γα
β →

(±)

Γ α
β := Γα

β ∓
(i`2/2) eαc

(∓)

H β, induced by the translational Chern–Simons term idCTT, cf. [62, 63].

The resulting Sen type connection still couples minimally to the Dirac field, but poses

the issue of reality conditions, cf. [69].

2.4 GR from effective strings

A more general situation arises, when we consider the tree–level effective action, corre-

sponding to the lowest order in the string loop expansion, in the physical Einstein frame:

According to Damour and Vilenkin [14], the following nonlinear terms arise

VStringeff =

(
1

α′
R̂ + R̂2 + (α′)R̂3 + (α′)2R̂4 + · · ·

)
η

=
1

(α′)2

∞∑
n=1

(α′R̂)nη =
R̂/α′

1− α′R̂
η , (2.20)

where α′ is the slope parameter and R̂n stands in for generic higher–order curvature

invariants.

For |α′R̂| < 1, the formal summation to a geometric series is inspired by the nonlinear

graviton construction of Penrose [85]. To be justified, we need, for simplicity, to identify

R̂ = R = ∗(Rαβ ∧ ηαβ) with the curvature scalar. Then the Lorentz-rotational field

momentum (5.19) reduces to H̃αβ := −(∂Ṽ /∂R)(∂R/∂Rαβ) = −ηαβ(∂V/∂R), and the

Legendre transformation (2.12) simplifies to

Ṽ → V =
1

2
R

∂Ṽ

∂R
+

1

2
Ṽ =

R/α′

1− α′R
η +

R2

2(1− α′R)2
η

' 1

α′
Rη +

1

2
R2 . (2.21)

Again the Lagrangian truncated at α′ → 0 corresponds to the perturbatively renormal-

izable quadratic model of Stelle [93].
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3. Field Redefinition Induced by Theta Terms

In the gauge framework with torsion, the most general quadratic Lagrangian[35, 32,

81] reads

VQPG =
Λ

`2
η +

a0

4`2
Rαβ ∧ ηαβ − 1

2
T α ∧Hα − 1

2
Rαβ ∧Hαβ + Vθ

Hα := − 1

`2
∗
(

3∑
M=1

a(M)
(M)Tα

)
, Hαβ := − a0

2`2
ηαβ − 1

g2
∗
(

6∑
N=1

b(N)
(N)Rαβ

)
(3.1)

The dimensionless coupling constant g and the fundamental length ` fix the relative

strength of the rotational and translational interaction parts of the gravitational La-

grangian V . In the field momenta, each of the three irreducible torsion and six irreducible

curvature pieces contribute to the Lagrangian4 with an individual weight a(M) and b(N),

respectively.

If we resolve the condition of constant Hessian for the allowed form of the rotational

field momenta , we obtain the generalized double duality ansatz (DD)

Hαβ(∗∗) = θL Rαβ + θ?
L R

(?)
αβ +

θ∗T
2`2

ηαβ − θT

2`2
ϑα ∧ ϑβ , (3.2)

where θT, θ∗T, θL, and θ?
L are dimensionless constants which can be related to the individual

coupling constants in the θ–type boundary term (5.15). It has been demonstrated in

much detail elsewhere [58, 59, 61, 72, 99] that the DD ansatz maps the second field

equation (5.18) into the second Bianchi identity (5.6), provided the translational gauge

field momenta fulfill certain algebraic conditions. By inserting the duality ansatz5 into

the second field equation (5.18), these may be derived from

θ∗T
2`2

ηαβγT
γ − ϑ[β ∧Hα](∗∗) +

θT

`2
ϑ[β ∧ Tα] = ταβ . (3.3)

4 The propagating modes and particle content of this Lagrangian were investigated by Sezgin and van
Nieuwenhuizen[88]. A subclass of Lagrangians survived their selection criteria motivated by quantum
field theoretical considerations, such as ghost-freeness and positive energy of the physical modes. By
performing a mode decomposition based on a flat Minkowskian background, Kuhfuß and Nitsch [49]
found a three–parameter class of unitary PG Lagrangians (see [32] and further References). therein.
However, there may arise problems with the Cauchy formulation, shock waves [51], and positivity of the
gravitational energy, see Hecht et al. [30, 31] as well as [27] for a review. A more general class has been
employed [19] in a FR, where axial torsion gets identified with a dynamical axion field.
5 Instanton solutions of the Stepenson-Kilmister-Yang (SKY) theory of gravity were already 1981 clas-
sified [58] with such an ansatz simplified by the choice θT = θ∗T = θL = θ?

L = 0; much earlier than, e.g.,
Garćıa-Compeán et al. [25] in the context of S-duality. (For an extension to metric-affine theory, see
[97].) In the wider framework of quadratic gravitational gauge models this 1982 ansatz of Baekler et al.
[7] for θL = 0 induces for purely imaginary Im(θT) 6= 0 complex dual variables similar to those found
later by Ashtekar [2] and Minkowski [73]. Recently, Soo [92] ‘recovered’ a more specialized version of our
earlier DD ansatz. The modified self-dual action of Barbero [9] corresponds to a real θT, but necessarily
faces the problem of CP violation, cf. [71]. The same problem arises in the so-called ‘Immirzi ambiguity’
[41], which is generated [37] by a part of the Nieh-Yan term (5.7). Contrary to the statement of Gambini
et al. [23], this translational θT is a total divergence in RC spacetime.
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For spinless matter (cf. [59] for the general case), the translational momentum Hα(∗∗)
subject to the constraint (3.2) takes the form

Hα(∗∗) = −θ∗T
`2

∗
[
Tα − ϑα ∧ (eβcT β)− 1

2
eαc(T β ∧ ϑβ)

]
+

θT

`2
Tα

= − θ∗T
2`2

Kβγ ∧ ηαβγ +
θT

`2
Tα =

θ∗T
`2

K(?)
α +

θT

`2
Tα. (3.4)

As a further consequence, the first field equation (5.17) reduces to the Einstein equa-

tion
θ∗T
2

R{}βγ ∧ ηαβγ − Λeff ηα = `2
_

Σα (3.5)

for the Riemannian background with an effective “cosmological” constant

Λeff = Λ− Λθ , Λθ =
3(θ∗T + a0)

2

2`2(θL + θ?
L + b6/g2)

(3.6)

of microscopic origin [59, 61, 8, 54, 55]. Observe that the ‘bare’ cosmological constant

Λ gets subtractively renormalized by a term induced by the Lorentz rotational boundary

terms. For b6 = 0, this persists even in the weak coupling limit g → 0.

By inserting (3.2) and (3.4) into (3.1), the same can be obtained on the Lagrangian

level. Since the torsion terms drop out due to the Nieh-Yan relation (5.7) and the telepar-

allelism identity (5.14), we are left with an effective Hilbert–Einstein Lagrangian

Veff = − θ∗T
2`2

R{}αβ ∧ ηαβ + Λeff η . (3.7)

This result complies with that of Refs.[59, 8], because the topological boundary terms

have already been included in the quadratic Lagrangian (3.1) we started with. In order to

attain macroscopic correspondence, the coupling of the effective Einstein equation (3.5)

to the symmetrized [67] energy–momentum current
_

Σα of matter requires θ∗Tphys. = 1 for

consistency.

What are the consequences of the duality ansatz for a general gravitational gauge

model in terms of the field redefinition of the basic fields, the coframe and connection?

Since eβcηαβ = 0, we find

ϑ̃α = (1 +
3

2
θ∗T)ϑα − θL`2 eβc ∗Rαβ − θ?

L`2 eβc ∗Rαβ(?) , (3.8)

Γ̃α
β = Γα

β +
θ∗T
2

eαc ∗Kβ(?) + θT eαc ∗T β = Γ{}βα −Kα
β +

θ∗T
2

eαc ∗Kβ(?) + θT eαc ∗T β . (3.9)

Besides a different normalization, a curvature piece and a double dual one related

to the Euler four–form (5.13) deformes the coframe. In the special case θ∗T = −2/3,

the coframe (or holonomic metric) arises as a concept derived from the curvature, thus

leading to an Eddington type theory [20]. On the other hand, in the deformed connection

occurs only a reshuffling of the contortional pieces such that the Riemannian connection
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stays invariant. It is interesting to note that then the volume four–form (2.7), will change

for the simplifying choice θL = 0 to

η̃ = (θ?
L)4 `8

4!
ηαβγδeµc ∗Rαµ(?) ∧ · · · ∧ eµc ∗Rδµ(?) , (3.10)

which for ` = `Planck is of the order 10−256 times θ?4
L |R|4. Do we have here some clue for a

macroscopically tiny effective cosmological term Λη̃ induced by the Lorentz-rotational θ?
L–

term? Or does this correspond to the sought-for “dark energy” induced by Chern-Simons

terms?

4. Duality of Weak and Strong Coupling Limit

Can we use this FR scheme in order to start from a general PG Lagrangian which

avoids Cauchy, ghost mode, and renormalization problems and end up after renormaliza-

tion with an effective Einstein equation at the macroscopic level?

In order to probe the virtue of our construction on a more simple model, let us

compare the Hilbert–Einstein or EC Lagrangian with the Lagrangian

ṼSKY = − 1

2g2
Rαβ ∧ ∗Rαβ +

1

2
θ?
L Rαβ ∧R

(?)
αβ (4.1)

of SKY gravity supplemented by the Euler term, where H̃αβ = ∗Rαβ/g2 − θ?
LR

(?)
αβ . From

the work of Stelle [93] we know that this curvature squared gravity is perturbatively

renormalizable but plagued with ghost [50].

Via the singular FR

ηαβ → η̃αβ := ηαβ − `2

g2
∗Rαβ + θ?

L`2 R
(?)
αβ = 0 . (4.2)

we retain from the Legendre transformation (2.12) the EC Lagrangian (2.8) plus an

induced cosmological constant.6 A similar reduction happens for the duality ansatz (3.2)

as we have seen.

Since R
(±)
αβ = ±g2/(g2θ?

L ∓ 1)ηαβ/`2, the weak coupling limit g → 0 implies vanishing

(chiral) curvature, cf. [83]. On the other hand, the weak coupling regime ` → `P =

10−33cm ≈ 0 of macroscopic Einstein gravity implies for g = 1 a strong curvature scalar

R = 12(g/`)2 = 48/α′ → ∞, i.e. the strong coupling regime of SKY gravity as part of

the effective string or curvature-saturated Lagrangian, cf. Ref. [47]. Moreover, for the

Taub–NUT metric this induces a rotation in the plane spanned by mass M and dual mass

N (angular momentum), as felt by chiral fermions [60]. This duality of strong and weak

coupling resembles that found by Montonen and Olive [76] in the contex of magnetic

monopoles.

6 In a rather ad hoc fashion, such a FR was applied already in Ref. [59] and later by Obukhov and Hehl
[80] to Euler and Pontrjagin type terms. However, such deformations change the latter four-forms from
being anymore boundary terms, thus preventing a topological interpretation in the spirit of S–duality.
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5. Chromogravity and the Anti-De Sitter Model of Quark Con-

finement

The occurrence of an ‘induced’ cosmological constant (3.6) and its metrical Anti-de

Sitter solution (AdS) has led to many speculation for its meaning in particle physics.

It was already Einstein [21] who pointed that that ”.. the scalar curvature plays the

role of a negative pressure, ... whose gradient balances the electrodynamic force.” Later

on a similar idea was taken up by Salam et al. in his strong gravity model of quark

confinement, cf. [56, 57, 77].

Independent of the physical interpretation, a 4D Anti-de Sitter background provides

an geometrodynamical mechanism for quark confinement already on the semi-classical

level. Then the generally covariant Klein–Gordon equation for a tortoise type radial

coordinate ρ∗ reduces to an effective Schrödinger equation with a Pöschl–Teller type

effective potential Ueff ∼ 1 + tan2(ρ∗) familiar from oscillations of diatomic molecules.

The energy spectrum is the same as that of a non-relativistic harmonic oscillator, see

[61] for details. Since this potential ‘wall’ is infinitely rising, there exist equally spaced

excited states but NO disintegration of the constituents can occur. Thus our AdS model

is a fully relativistic model of an harmonic oscillator.

Today it is advocated to use the effective D=11 supergravity resulting from M-theory

after compactification to AdS4 ⊗ S7 space [96], as a calculational means (‘analog com-

puter’) [78] for the strong coupling regime of quark confinement in QCD.
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Appendix A: Redefined Maxwell Fields

Let us consider as a guiding example Maxwell’s or Yang–Mills theory in n dimensions,

where A := AI
µdxµλI is the Lie-algebra valued gauge potential one–form and F := dA +

A ∧ A the field strength. A rather general deformation or field redefinition (FR) of the

gauge connection A which respects gauge-invariance and the form degree reads

A → Ã = A + ξc ∗H − ∗DH + ∗j , (5.1)

where H := −∂G/∂F is the excitation (n− 2)–form of some generating n–form G. Quite

generally, such a FR does not depend on a dimensionfull parameter and assures in the

Abelian case that the new field strength F̃ := dÃ = F +d(ξc ∗H + ∗DH− ∗j) is derivable

from a vector potential. In the case of a topological boundary term G∞ = θdC =

−(θ/2)Tr(F ∧ F ) derived from a Chern–Simons term C, there will arise a θ induced FR
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with H = θF and DH = θDF ≡ 0 due to the gauge-covariant Bianchi identity DF ≡ 0.

Our construction generalizes the rather formal field redefinition A = A+ δG/δj of Dixon

[15] for non–Abelian gauge theories, where j := δG/δA ∼= −DH is a gauge current

(n− 1)–form. ‘On shell’, only the term depending on the vector field ξ will remain, due

to DH ∼= j. A related one-form Â := ∗j − ∗dH± = A + ∗ (A ∧H±) has been recently

used by Ganor and Sonnenschein [24] in order to replace A by Â in a classical duality

of gauge theories, cf. Eq.(11) of Ref. [75]. Also Born–Infeld type Lagrangians may be

generated, cf. [28]. For Maxwell’s theory the corresponding canonical transformation

was given by Lozano [53] within a Hamiltonian formulation, whereas in the non-Abelian

case the theory turns out to be of the Freedman–Townsend type [22] where the new two-

forms are not derivable from a covector potential, or one-form. In our case the generating

functional reads G(±) = H
(±)
αβ ∧ H̃αβ.

If the vector field ξ is normal to a spacelike hypersurface, i.e. ξcdt = 1, the normal

part A⊥ := ξcA remains invariant under this deformation. The ansatz of Ashtekar and

Rovelli [4] used for projecting out positive frequency fields in the Hamiltonian formulation

can be viewed as such a FR for a special choice of G.

Experimentally accessible appears [16] to be the duality rotation of the Aharanov–

Bohm/Casher topological phases in Maxwell’s theory.

In effective string theory, the roles of the ‘theta angle’ in front of the topological

boundary term G∞ = θdC and the gauge coupling constant g in the Yang–Mills La-

grangian

LYM = − 1

2g2
Tr (F ∧ ∗F ) (5.2)

are related to the vacuum expectation value (VEV) of the axion a and the dilaton field

ϕ, respectively, via θ = 2π〈0|a|0〉 and g2 = 4π〈0|eϕ|0〉 = 32πG/α′ = 4`2
Planckα

′, where

2πα′ is the string tension.

Appendix B: Geometry of a Riemann–Cartan Spacetime

Our geometrical arena consists of a four–dimensional manifold which is equipped with

a local Riemannian metric (2.4) of Lorentz signature (oαβ) = diag(−1, 1, 1, 1). For the

representation of spinors in a curved spacetime, it is necessary to have the anholonomic

formalism available on par. Therefore, we introduce an orthonormal local frame and

coframe field of dimension [1/length] and [length], respectively

eα = ei
α ∂i , ϑα = ej

α dxj . (5.3)

According to our conventions, α, β, ... = 0, 1, ..., 3 are anholonomic frame indices, i, j, k, ... =

0, 1, ..., 3 are holononic or world indices, and ∧ denotes the exterior product. The coframe

field of basis one–forms are reciprocal to the frame eα with respect to the interior product

c, i.e., eαcϑβ = ei
α ei

β = δβ
α.

In a Yang–Mills type gauge theory of gravity, the coframe ϑα of dimension [length]

and the dimensionless connection one-form Γαβ = −Γβα = Γi
αβ dxi are regarded as gauge
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potentials of non–linearly represented local translations and local Lorentz transformations,

respectively, cf. Ref. [61, 70, 52, 43]. The corresponding translational field strength is

the torsion two–form

Tα := Dϑα = dϑα + Γβ
α ∧ ϑβ =

1

2
Tij

α dxi ∧ dxj, (5.4)

of dimension [length] and the dimensionless Riemann–Cartan (RC) curvature two–form

[13]

Rαβ := dΓαβ − Γαγ ∧ Γγ
β =

1

2
Rij

αβ dxi ∧ dxj. (5.5)

These field strengths obey the first and second Bianchi identities

DT α ≡ Rγ
α ∧ ϑγ, and DRαβ ≡ 0 . (5.6)

The corresponding Lagrangians [33] are the Chern–Simons type boundary terms

dCTT =
1

2`2

(
Tα ∧ Tα + Rαβ ∧ ϑα ∧ ϑβ

)
=: VNY , dCRR = −1

2
Rα

β∧Rβ
α =: VPontrjagin ,

(5.7)

where ` is a fundamental length. Up to normalizations, they are also known as Nieh–Yan

four-form [79] and Pontrjagin term, respectively. Both Chern–Simons terms arise as part

of the CS term Ĉ = CRR − 2CTT of a gauge theory with SL(5, R) as structure group,

containing the de Sitter groups SO(1, 4) or SO(2, 3) as subgroups, see footnote 31 of Ref.

[34] and Pagels [84] for a dynamical scheme.

The Riemannian content of our geometrical framework can be brought out by splitting

the RC connection according to Γαβ = Γ{}αβ−Kαβ into the unique Levi–Civita connection

Γ{}αβ of Riemannian geometry and into the contortion

Kαβ = −Kβα = e[αcTβ] − 1

2
(eαceβcTγ)ϑ

γ . (5.8)

It follows from (5.4) that the latter is related to torsion implicitly via T α = Kα
β ∧ϑβ.

In turn, the RC curvature two–form (5.5) decomposes as follows

Rαβ = R{}αβ + D{} Kαβ + Kα
µ ∧Kµβ. (5.9)

Appendix C: Dual Forms

On an n–dimensional manifold with metric index s, the Hodge dual of p–forms is

almost involutive: ∗∗α = (−1)p(n−p)+sα. For spacetimes where s = 1 holds, it induces

an almost complex structure, cf. [10]. In four dimensions, the Hodge dual applied to

two–forms is conformally invariant [5]. Vice versa, an initially metric-free involutive star

operation # on arbitrary two–forms allows to reconstruct [17, 29] a metric h which is

conformally related to g. Our Hodge dual ∗ of exterior forms is defined such that the

normalization

∗(ϑα ∧ ϑβ ∧ ϑγ ∧ ϑδ) = ηαβγδ, where ηαβγδ := +δ0123
αβγδ and Dηαβγδ = 0 (5.10)
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holds.

From the volume four–form η = 1
4!
ηαβγδ ϑα∧ϑβ∧ϑγ∧ϑδ, the so-called η- or dual basis

{η, ηα, ηαβ, ηαβγ ηαβγδ} of exterior forms can now be generated by consecutive interior

products: ηα := eαcη = ∗ϑα, ηαβ := eβcηα = ηαβγ ϑγ = eβceαcη = ∗(ϑα ∧ ϑβ) =
1
2
ηαβγδ ϑγ ∧ ϑδ, and ηαβγ := eγcηαβ = ∗(ϑα ∧ ϑβ ∧ ϑγ). Anholonomic indices are lowered

by oαβ = ei
α ej

β gij, where (oαβ) = diag(−1, 1, 1, 1) denotes the signature of spacetime.

The Lie dual of Lorentz algebra–valued forms such as contortion and curvature is

defined by

K(?)
α :=

1

2
ηαβγ ∧Kβγ , R

(?)
αβ :=

1

2
ηαβγδR

γδ . (5.11)

and satisfies DR
(?)
αβ ≡ 0.

We will also employ the self– or anti-selfdual torsion and curvature two forms

T±
α :=

1

2
(Tα ± ∗Tα) , R±

αβ :=
1

2
(Rαβ ± ∗Rαβ) , R

(±)
αβ :=

1

2

(
Rαβ ±R

(?)
αβ

)
(5.12)

in terms of the Hodge or Lie dual, respectively. In view of this, the teleparallel boundary

term and the topological Euler terms can be written as

dCTT∗ :=
1

2`2
d(ϑα∧ ∗Tα) =

1

2`2
(T α ∧ ∗Tα −D ∗Tα) , dCRR? := −1

2
Rαβ∧R

(?)
βα = VEuler .

(5.13)

From (5.9) results the geometric identity [34]

R{}αβ ∧ ηαβ ≡ Rαβ ∧ ηαβ −Kαµ ∧Kµ
β ∧ ηαβ + Kαβ ∧ T γ ∧ ηαβγ + d(Kαβ ∧ ηαβ)

= Rαβ ∧ ηαβ + Tα ∧ ∗
(
− (1)Tα + 2 (2)Tα +

1

2
(3)Tα

)
+ 4`2 dCTT∗ (5.14)

which relates the Hilbert–Einstein Lagrangian to the proper teleparallelism model, with

the Lagrangian constraint Rαβ = 0. These topological terms have been proposed, for

instance in Ref. [63], in the combination

Vθ := θT dCTT + θ∗T dCTT∗ + θL dCRR + θ?
LdCRR? (5.15)

as generating function for obtaining more general Ashtekar type variables in the Hamil-

tonian formulation for θ?
L = 0. With exception of the Euler terms, these θ terms violate

parity, but for purely imaginary θ parameters they would conserved the combined charge

conjugation C and parity transformation P , i.e. CP , cf. [71]. Some of these terms arise

also in the chiral anomaly [68, 64].

Appendix D: Framework of Gravitational Gauge Dynamics

The total action of interacting matter and gravitational gauge fields

W =

∫ [
L(ϑα, Ψ, DΨ)− V (ϑα, T α, Rαβ)

]
(5.16)
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is assumed to be a functional of suitable matter fields Ψ and of the geometrical variables ϑα

and Γαβ. Besides the Euler-Lagrange equation δL/δΨ = 0 for matter, their independent

variations yield the following two, general nonlinear field equations:

DHα − Eα = Σα, (5.17)

DHαβ + ϑ[α ∧Hβ] = ταβ. (5.18)

Here the gauge field momenta are defined by the (n− 2)–forms:

Hα := − ∂V

∂Tα
, and Hαβ := − ∂V

∂Rαβ
. (5.19)

Note that in n = 4 dimensions Hα has dimension [length]. In addition to the mate-

rial currents of energy–momentum Σα := ∂L/∂ϑα and dynamical spin ταβ := ∂L/∂Γαβ,

there occur the three–forms of energy–momentum Eα := ∂V /∂ϑα = eαcV + (eαcT β) ∧
Hβ + (eαcRβγ) ∧Hβγ and the translational spin current Eαβ = −ϑ[α ∧Hβ] of the gravi-

tational gauge fields themselves [35, 32]. This is due to the universality of gravitational

interactions.
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[33] F.W. Hehl, W. Kopczyński, J.D. McCrea, and E.W. Mielke, J. Math. Phys. 32 (1991)
2169.

[34] F.W. Hehl, J.D. McCrea, E.W. Mielke, and Y. Ne’eman, Found. Phys. 19 (1989)
1075; Phys. Rep. 258 (1995) 1.

[35] F.W. Hehl, P. von der Heyde, G.D. Kerlick, and J.M. Nester, Rev. Mod. Phys. 48
(1976) 393.

[36] P.W. Higgs, Nuovo Cimento 11 (1959) 816.

[37] S. Holst, Phys. Rev. D53 (1996) 5966.

[38] G . ’t Hooft, Nucl. Phys. B79 (1974) 276.



16 Electronic Journal of Theoretical Physics 3, No. 12 (2006) 1–18

[39] G. ’t Hooft, in: Trends in Elementary Particle Theory, H. Rollnik and K. Dietz, eds.
(Springer, Berlin 1975), p.92.

[40] G. ’t Hooft, Nucl. Phys. B357 (1991) 211.

[41] G. Immirzi, Class. Quantum Grav. 14 (1997) L177.

[42] A. Jakubiec and J. Kijowski, Phys. Rev. D37, 1406 (1988).
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