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Abstract: It is known that the hydrogenlike atom can be studied as a Morse oscillator, then
here we show that these fact leads to an interesting method to obtain the matrix elements for
the Coulomb potential.
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1. Introduction

For the hydrogenic atom its radial wave function %gnl depends of the total (n) and
orbital () quantum numbers, which are associated to eigenvalues for energy and angular
momentum, respectively. Lee [1] showed that the Langer transformation [2] permits to
study a non-relativistic hydrogenlike system as a vibrational Morse oscillator (MO) [3],
such that n gives the parameters of the Morse well and [ determines an energy level in
these well. In Sec.2 we exhibit this result of Lee.

In according with [1] the function g, is proportional to the corresponding (M O) wave
function, which means that the matrix elements <nl2 |r’“ ! nll> of the hydrogenic atom are
equivalent to (Ny |e™ | N1),y = k + 2, of its M O. Thus the knowledge on Morse matrix
elements can be used to determine <7‘k > for the Coulomb potential. In Sec.3 we apply
this approach to obtain <nl2 ‘rk| nl2>, k =integer > —2, without factorization techniques
[4, 5] as in [6]; we reproduce, as particular cases, the elements <nl |7”‘3{ nl>, k= 41,+2,
deduced analytically by Landau-Lifshitz [7].
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2. Hydrogenlike Atom As A Morse Oscillator

Here we exhibit the result of Lee [1]: The motion of an electron into the Coulomb
field generated by a nucleus with charge Ze, is equivalent to the vibrational dynamics of
a MO.

It is very well known [7] that the radial wave function g, satisfies the Schrodinger
equation (in natural units A =m = 1):

(1)

dr? 72

1[a*> 1(1+1) Ze? Z2%e?
5 gnl — 9ni = — 52 o3nl
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wheren =1, 2,... and [ =0, 1,...,n — 1. Now the quantities r, g,; are changed to u,
Y via the Langer transformation [1, 2J:

g = ——————— U () (2)
(4 )]

with r = bn%e™, and b = 2%, then (1) adopts the form:
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thus each n generates one MO with width a = 1, depth D = %2 and vibrational
frequency 5-v2D = J-. Finally, the value of [ determines the eigenstate ¢, N =
n—1—1, with energy £ = —3( + 3)%

3. Matrix Elements for the Coulomb Potential

The principal aim of our work is the calculation of the matrix elements:
(nly] ¥ Inly) = / gnlzrkgnlldr, k = integer > —2 (5)
0

The factorization method [4, 6] calculates (5) using ladder operators for the proper states
gni; the analytical approach [7] employs the explicit expression of g, and determines
directly the integral (5). Here we apply the Langer transformation [1, 2] to obtain (5)
via the relationship between the Coulomb and Morse interactions.
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In fact, if we put (2) into (5):

N|=

(nly| r* |nly) = n?*1p Kll + %) (zz - %)] : (No| e ™ |Ny) (6)

with Ny =n—-1;-1,j=1,2and y =k +2=0,1,2,..., which means that any <Tk>
for the Coulomb potential is proportional to a matrix element of the corresponding MO.
The elements (e~7") are determined in [8, 9]:

1
(—1)N1+N2 | Q1Q2No! T (/TC—Nz) 2 o
kv NI T (lé—Nl)

(Na| e [Ny) =
(7)

o 33 DT (Vi) T (RN =1y j)
i 3 Ne=) T (B=N2—j) T (v=J)

where I' denotes the gamma function, Q). = k— 2N, — 1, c =1, 2, and without loss
of generality we have accepted N7 > Ny(that is, [y > 1;). Then (6) and (7) with k£ = 2n
imply the exact expression:

1
—1)latt n\E | (n=lo—1)! (n+l2) ! | 2
(nl| 7 |nh) = S () [Enfqugzgnizfg !] .

(=1 (ntk—l1—=j) ! (ntk+l1—j+1) !
i n—la—1—7) ! (n+l2—j) ! (k+1—5)!

(8)

n—Ils—1
[ J
Jj=0

which is not explicitly in the literature, and it is more simple than the corresponding
relation deduced in [6] using factorization techniques. Special applications of (6) and (8)
are:

a) k= —2.

In this casey = 0, then from (6) it is immediate that:

(nla| 772 Inly) o< (N2 | N1) = dn, (9)

therefore only if [; = I, we have(r?) # 0, which is the result of Pasternack-Sternheimer
mentioned in [6].

b)li=l=1 k==+1, £2

The general expression (8) reproduces easily the following particular examples of
Landau-Lifshitz [7]:

—2\ __ b_2
U e}
(ry = g [3n* —1(1+1)], (10)
=

<r2>:¥[5n2+1—31(l+1)}.
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