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Abstract: We construct dark halo models which are supported by a self-interacting scalar
field. The possibility that the energy density of such a field which could produce dark matter
and dark energy inside and outside of the galactic dark halos is explored.
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1. Introduction

According to Newton’s laws, the rotation curve of spiral galaxies should decrease as \/1_‘
.

with increasing distance from center in regions where the mass density almost vanishes.
But the galaxies rotation curves are quite flat up to large distances from the center.
According to various arguments, the mass of the visually luminous matter is not sufficient
to bind clusters gravitationally, and significant amounts of non-luminous dark matter
should exist as well.

The existence of dark matter in different scales of the universe, ranging from galaxies
to cluster of galaxies up to cosmological scales have been asserted by astronomers. In 1933
Zwicky was the first who measured the radial velocity of eight galaxies of the Coma cluster
and he deduced the total mass of clusters should be more than the amount of visible mass
[1]. In the 1970’s majority of astronomers were convinced that similar situation exists for
the spherical halos around individual galaxies [2, 3, 4].

Measurements of the rotation curves of high red-shift galaxies [5] and of gravitational
lensing of light by clusters [6] show that dark matter lies within and particularly around
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galaxies, and not spread between them.

To date, various possibilities have been presented about baryonic dark matter. MA-
CHO’s (Massive Compact Halo Objects) have been detected but they do not have suf-
ficient density to explain flat rotation curves and cluster’s velocities. Indeed, baryonic
matter comprises 4% out of 26% of what is need to make matter in the universe [7].
We should also mention investigations which try to explain the flat rotation curves by
resorting to non-Newtonian gravity [8].

In addition, recent observations of the redshift-luminosity relation observed in Type-la
supernovae [9, 10, 11, 12, 13, 14, 15, 16] and the cosmic microwave background radiation
(CMBR)[7] indicate that our universe is accelerating. The cosmic fluid is dominated
by an unknown component with negative pressure which is called dark energy. The
observations also suggest that the present universe is almost flat (£ = 1.03 £ 0.05) with
the energy density split into two main contributions: ,,4s1er >~ 0.26 (baryonic and dark),
and Qp p ~ 0.74 (dark energy). Although the physical nature of dark energy is still a
challenging problem, the cosmological constant is a first sight candidate. The cosmological
constant energy density could originate from two sources. The first contribution is due
to bare cosmological constant (Ag), which appears in Einstein’s equations and the second
one is due to the vacuum energy density of quantum fields [18, 19, 20].

According to some observations, the dark energy density may be dynamical (vary
slowly with time) in order to drive an accelerating universe. One possibility along this
lines is the quintessence model, which suggests a scalar field ¢ slowing rolling down a
potential (a process like the inflationary model, in which a phase transition occurs due
to a scalar field in the very early universe.) In this model, the scalar field ¢ evolves
very gradually with time, while being constant throughout the space.[see e.g. Peebles
and Ratra 1998, Ratra and Peebles 1998, Wetterich 1998 Brax and Martin 1999,2000].
Quintessence is an interesting model that has attracted a great deal of attention (see also
Refs. [26, 27, 28]).

On the other hand, some investigations have been carried out by invoking to a scalar
field as the source of dark matter in spiral galaxies. The idea behind these works is
to explore whether a scalar field can fluctuate along the history of the universe and
thus form concentrations of scalar field energy density. Schunck (1998) has shown that
an oscillating, massless, complex scalar field is capable of performing such a role [29].
More complicated systems with self-interaction potential, may also be considered for this
purpose (see e.g. [30, 31, 32]).

In this paper, we would like to draw attention to the possibility of a unified picture to
account for the existence of both dark matter and dark energy by a scalar field in current
epoch, namely, after formation of objects such as galaxies.

We want to present a model in which the behavior of the ¢-field and in consequence
V(¢), provides the corresponding energy density which could produce dark matter and
dark energy inside and outside the halo, respectively. Along this lines, we will first
consider a massive compler scalar field ® with a second-order potential of the form
V(®) o ®P*. For this scenario we consider a scalar field which is not only varying with
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time (same as in quintessence model) but also is varying with position. Next, a real scalar
field ¢ undergoing spontaneous symmetry breaking will be considered. For this case, we
assume that the real scalar field ¢ is a function only of radial coordinate 7.

2. Preliminaries

Einstein equations can be derived from the action

1

A= ﬂ (R+£matt(q)’aq>))\/md4$a (1)

in which £, is the Lagrangian density of matter, R is the curvature scalar, k = 87G, ¢
the determinant of the metric tensor g,,, and ® is a complex scalar field. The variation
of the action with respect to g,, leads to Einstein’s equations

1
Gl = R — SgiR = —wTV. @)
The energy-momentum tensor in terms of the scalar field will be introduced shortly.
Variation with respect to ®, will lead to equation of motion for the scalar field in the

background geometry

0
b =2——V(P, " 3
0P+ (@, 2%, (3)
where [J is the invariant d’Alembertian defined by
1
0= —=0d,[V919"0.]. (4)

Vgl

We first set up the metric for gravitational field within a spherically symmetric static
dark halo. It reads

ds* = —B(r)dt* + A(r)dr* + r*df* + r* sin® 0d¢?, (5)

where A(r) and B(r) are arbitrary functions of the coordinate.
The non-vanishing components of the Einstein tensor for the metric (5) read

A 1 1
t— — — —
Gt_rA2+7’2 r2A’ (6)
. -B 1 1
Gr=apt e ma (7)

qo 2ABB' —2A'B?> + 2rABB" —rAB”? —rA'B'B
0 — )
4r A2 B?

Go =G (9)

The energy-momentum tensor required to support such a spacetime is in the form

Tﬁ:dlag(_py PTaPtaPt)a (10)
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where p is the energy density and P, and P, are the radial and transverse pressures,
respectively.
Applying Einstein’s equation (2) to the metric (5) gives

1 A 1 1
_ 11 11
pr.) 871G {TAQ + 72 'r2A] ’ (1)
1 -B 1 1
Br(r.t) = 871G L‘AB T 7’2A} ’ 12)

1 2ABB’ —2A'B? + 2rABB" —rAB"”? —rA'B'B
R5<T7 t) - -

871G Ar A2 B? ] - (19
Note that, in these equations dots and primes denote differentiation with respect r
and t, respectively, and we have used the system of units in which ¢ = 1.
From equations (11) and (12) we obtain

A B
Gt =rle+P)ra, (14)
and y .
i
e e 1)

The source is described by a complex scalar field with the Lagrangian
1 * *
L= —5(9#@0‘@ — V(®,d), (16)
which leads to the following energy-momentum tensor
1
T = 0"®0,d* — 55[56@8%@* + V(®, d%)). (17)

For the scalar field which evolves in the spherically symmetric background, we use
the ansatz
O(r,t) = ¢(r)e™, (18)
where w is the frequency of the scalar field.
By using (5) and then (17) we obtain

1 1
_ g0 _ * 22 L 2 %
p= T} = Sod*W’ + 0" +V(2,2"), (19)
P.=T!= L¢2c<12+i¢'2—v(<19 QJ*) (20)
Y 2A p
and ] )

Using (3) and (5), the differential equation governing the scalar field is obtained to

be
%(E — i + Z;L)gzﬁ’ + A(%f)gzﬁ(r) = 2Aei“’tiV((I>, o). (22)

352 9%
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3. Solutions for the ®2- Potential

In this section, we perform some applications of the equations derived in the last section.
The type of potential that is used to construct the model is a second-order polynomial

in the complex scalar field ¢
V(®) = m?*dd* + Vj, (23)

where m? > 0 and Vj is a constant. We proceed with the Newtonian approach, since the
gravitational field due to the dark and luminous matter is sufficiently weak [33].
By using the Minkowski metric in spherical coordinates, namely

ds* = —dt* 4 dr* + r*df* + r? sin® 6. (24)
The scalar field equation (22) can be rewritten as
2
¢+ =¢' + (W' — 2m*)e(r) = 0, (25)
r

and equations (19)-(21) take the forms

1 1
p=—15 = 50" + 50% +m’¢* + Vi, (26)
1 1 2,2 1 /2 242
Pr:T1:§<bw —|—§¢ —m~¢” — Vg, (27)
2 3 1 2 2 1 2 2 42

One can notice that, although the scalar field (18) is time dependent, the correspond-
ing values of the non-vanishing components of the energy-momentum tensor are functions
of the radial coordinate r only.

Let us define the following dimensionless quantities

o — % . z= TLO (29)
Then we can rewrite (25) and (26)-(28) as
20 =, (30)
p= |58+ (] + (31)
P =~ {92 + (%)Q: Vi, (32)

o ., ]|
P o= (2] - v (33
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Fig. 1 The behavior of the dimensionless scalar field § = % as a function of the dimensionless

coordinate x = %

IR

in which o = r3(w? — 2m?), (= 35322 #1, 7=73

— are dimensionless parameters.

O

For a = v = 1, equation (30) has the solution
1
0(z) = =[C'sinx + D cosz], (34)
T

where C' and D are constants. The solutions that we are interested in are required to be
non-singular at the origin, so we proceed with D = 0. The function é(z) is plotted in

figure 1.
From the solution (34), equations (31)- (33) can be rewritten in the following forms
2 09 2
p=— [ﬁsin2x+coszx— A sm2x} + Vo, (35)
x x x
C? sin2r  sin’x
P=—|1- — Vo, 36
x? { x * x? } 0 (36)
2 in 2 102
P== {— cos 20 + =t SmQI} - W. (37)
x x x

The energy density of the ¢-field depends sensitively on the value of the dimensionless
quantity z. Inside the halo, the contribution of the energy density due to the first four
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terms -corresponding to dark matter -prevails. By increasing the distance from the center
of the halo, these terms diminish and the ¢-field goes to the vacuum state of the potential
and its energy density reduces to the constant value V4. Accordingly, outside the halo,
the components of the stress-energy tensor will have the following forms

p="Vo, (38)
P, =P =V, (39)

and
P, =P, = —p. (40)

This is the familiar form of the equation of state for the cosmological constant, which
is grossly considered as the origin of the dark energy in the present universe.

This implies that
A

Vo= ——.
07 8r@

(41)

—_—
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Fig. 2 A generic flat rotation curve v, /v, for 8 = 10.

By using the mass function m(z) = [ p(£)&%d€, the Newtonian mass of the dark
matter is given by

1 1 2z —1
M(z) =M B(g——siHQx)—i—(z—l——sinQa:)—l—% :

4 2 4 (42)
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where M’ = 47r3C?.
For a weak gravitational field, we have the Newtonian formula

M
- A (43)
-
Substituting (42) into this equation, yields
o =1 %Em — sin2e) + —(Ga o+ psin2e) - = (44)

The corresponding plot (for the tentative value 8 = 10) is presented in figure 2. Note
that the coefficient v'? = 47Gr2C?, which appears in equation (44), determines the halo
characteristic mass. Subsequently, depending on the value of this coefficient, we can fit
appropriate rotation curves for different galaxies.

For 5 = 10, the typical behavior of M (x)/M’ is shown in figure 3.
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o

Fig. 3 The Newtonian mass function M (x)/M’, for 8 = 10.

3.1 GR Solutions

From viewpoint of astrophysics, gravitational fields are often very weak, but sometimes
the correction effects of general relativity become important (e.g. the precession of Mer-
cury). Let us consider the general-relativistic effects on rotation curves of galaxies.
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Fig. 4 The metric function A(z).

The nearly constant rotational velocity of spiral galaxies shows that the amount of
dark matter grows continuously with increasing the distance from the center of the halo.
For this configuration, the values of A(r) and B(r) are [35]

Ar) = [1 _ m—W} - (45)
B(r) = B(ry) exp {— / ! fo[M(r') + 47rr’3PT]A(r’)dr’} | (46)

In order to obtain the approximate value of these functions, we use the values of
mass and radial pressure from the Newtonian solutions of the previous section, namely,
equations (36) and (42). By inserting these equations into (45) and (46), we obtain

6,x 1 . 1 x 1 cos2r — 1
;(5—ZSIH2$)+E<§+ZSIHQZ‘)+2—$2

Alz) = 1 — 27 { r ;o (47)
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Fig. 5 The metric function B(z).
and
x1 2 12 1 1 o9r 1
Be) = Blayesp [ =25 |65 - {sin2a) + (5 + 2o+ ST
. 2 _1

1 1 21 — 1
+x — sin2x + Slnx x} {1 - 21/2[5(% - Z—lsinQ;c) + E(g + 1 sin 2z) + coner 7 2

222 ]

(48)
note that we have used the dimensionless variable z = % Figure 4 shows the behavior

of A(z) as function of z. In order to determine B(z), a numerical calculation was carried
out. The result is illustrated in figure 5.

From equation (22), we have

1B A 4 2
"+ (= -+ )+ A= —2m? =0. 4
o+ (S D+ AL amolr) =0 (49)
Let us simplify this equation. By inserting (6), (7) and (11), (12) into Einstein equation
(2), we have

B 1 1 J1 1 Yy
/1[214 Zngb moo”|, (50)
A’ 1 1 {1

rAB 12 +7"2A -

— — —— =K
rA?2  r2  rZA

(51)

Subtracting 6 from (51), we obtain

B A 24 2

= Z _o%krAm2¢® 2
B A r oy oam % (52)
substituting this equation into (49), yields
d*¢ 1 d¢ w?
— 4+ (A4 1)L — krAm?¢*¢d + A(= —2m*)¢ = 0. 53
d7’2+r(+)dr krAm*¢ ¢ + (B m*)e (53)
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Fig. 6 The general relativistic behavior of 6(x) for £ = 1.

From the dimensionless quantities (29), the preceding equation can be written in the
alternative form

d20 1do9  B—1 ,do A A

in which ¢ = kr? is a dimensionless parameter. As boundary condition, we apply § = 0

do _
Y dx
point. The result is illustrated in figure 6

0, at large enough x, the numerical calculation determines the values of 6 at each

For the static, spherically symmetric metric (5) the tangential velocity of a test particle

obeys
1
v, = §TB/. (55)
From the dimensionless quantities (29), we have
1 dB
2 P g— —
Urot = 21; dl" (56)

we have calculated v, /vy numerically. The outcome can be seen in figure 7. Note that,
in this case vy is the value of v,,; at large x. As expected, figures 6 and 7 show that the
deviation from the Newtonian solution is not considerable.

4. Solutions for the ¢*- Potential

The flat rotation curve results of the ®2-potential, seem to be promising, but it is in-
structive to use a similar approach for another celebrated potential in the field theory,
known as the ¢*-potential:

V(6) = SN0 — 6% 657)
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Fig. 7 General relativistic rotation curve as a function of the dimensionless distance from the
center of dark halo.

where A > 0. In this case, we assume that the real scalar field ¢ is a function only of r .

As

illustrated in figure 8, the potential has one local maximum (false vacuum) at ¢ = 0

and two global minima (true vacuums) at %¢y.

As pointed out before, the Newtonian limit is adequate for our investigation. So, we

proceed in this framework.

For the real massless scalar field ¢(r), the source is described with Lagrangian

1
L= —50"60,6 = V(9). (58)
The Euler-Lagrange equation leads to the differential equation for the scalar field
dv(¢)
O¢p = ——.
6= (59)
For ¢ a function of r only, we have
Fo(r)  2d¢ _ dV(¢)
dr? + rdr dr (60)
Inserting (57) into this equation, we get
d*p(r)  2de 9 9
227 9 — =0. 1
d7’2 + r dr )\(¢ ¢O)¢ 0 (6 )

The stress tensor T# related to Lagrangian (58) is

T = 0"¢0,¢ — o %a@fm + %)\(QSQ — 2?2 . (62)
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Fig. 8 Spontaneous symmetry breaking potential for the scalar field (the so-called ¢*-potential)

The non-vanishing components of the energy momentum tensor are

1 1
p=—T5 = §¢/2 + 5/\@52 — 05, (63)
1 1 /2 ]' 2 2\2
P.=T = §<Z5 - 5)\@5 — )", (64)
and 1 1
P=T; =T} = —5¢" = SM¢" = 67)*, (65)

in which we have used the metric (24) for flat space. By using the dimensionless quantities
(29), equations (61) and (63) can be written as

20 240
i rae & -VI=0 (90
and
/ d(g 2 (N2 2
PZﬂ(%) +7'(0° = 1), (67)

where o/ = 2\ri¢g, 8/ = %‘f—ﬁ) and o/ = $A¢§ are dimensionless parameters.
0

In order to get regular solutions for the differential equation (66), we put the initial

conditions 6(0) = 1 and 92(0) = 0. By assuming o/ = 0.001 the numerical calculation

was carried out and the function of 6(x) is illustrated in figure 9. As it is seen, the scalar
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Fig. 9 Generic behavior of the function 6(z) for the ¢*-model (o/ = 0.001, §(0) = 1 and

do(0) _
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field is nearly at the true vacuum of the potential at origin. However, for large values of
x, the ¢-field fluctuates around its false vacuum.

Let us investigate some properties of the corresponding energy density p which makes
it a particular and interesting case, by taking into account equation (67) and the behavior
of §(z) which is plotted in figure 9. When the scalar field is near to the true vacuum of
the potential (f = 1), by a suitable choice of /', the first term of equation (67) prevails
the second one, and we interpret this region as inside the halo and the corresponding
value of the energy density is regarded as the dark matter energy density. However, for
large values of x, the first term can be ignored and this corresponds to outside the halo,
where the scalar field goes to zero and the energy density (67), approaches the constant
value

1
p = V(0) = 500, (68)
In such a case, equations (64) and (65) become

P, =P, =-V(0), (69)
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Fig. 10 Rotation curve of the ¢*-model for o/ = 0.001, (0) = 1 and d?i(f) = 0, in which
vg = 4nGrép,.

and p = — P, which is the equation of state of the cosmological constant. So we can write
1
V(= 0) = 3265 = pa. (70)
in which py ~ 10_93';1—“3[. This equation determines the value of A :
2pp
A= —. (71)
5

From the preceding equation, together with the value of o/ = 2\r2¢2, we can easily
obtain

2pa
g = (72)
So, equation (67) can be rewritten as
=pa | = (= —1)?|.
p=ra| ()" + (07 —1) (73)

The first term of this equation (which corresponds to the dark matter energy density)
enables us to calculate rotation curve from the Newtonian formula (43). It has been
obtained using numerical calculations and the result is shown in figure 10. It should be
emphasized that the dimensionless parameter o which appears in (73) determines the
halo characteristics mass and density near the center. In other words, by suitable choice
of o we can get favorable rotation curves for different galaxies.

From (73), it is clear that for inside halo, the first term (energy density of dark matter)
should be much greater than the second term (energy density of dark energy). For this
purpose, we need o/ < 1.
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Conclusion

From the rotation curves of spiral galaxies and velocities of galaxies in clusters, the
existence of dark matter has long been confirmed by astronomers.

On the other hand, reliable observational evidence from WMAP and Type-Ia super-
novae results, not only confirm the existence of dark matter but also indicate that the
present universe is almost flat, and consists of 4% baryons, 22% dark matter and 74%
dark energy.

We presented a model, in which the energy density of a spherically symmetric scalar
field could produce both the dark matter and dark energy inside and outside of the halo,
respectively.

We started from a general, spherically symmetric line element. The ®-field was de-
scribed by £ = £0,90"®* — V (P, ®*), so that the corresponding stress tensor T/ has
form TH = diag(—p, P, Py, P,).

As a special case, we considered a complex scalar field ® with a second-order potential
of the form V(®) o ®®*, in which ®(r,t) = ¢(r)e **. In the Newtonian framework, we
found the exact solution for ¢(r) and, consequently the corresponding energy density.
The corresponding energy density was found to be high at the center and reduce to the
constant value Vj at large radii. Accordingly, the scalar field fluctuation could serve as
dark matter and dark energy inside and outside the halo, respectively. By using these
solutions, rotational velocity was computed and the corresponding rotation curve was
obtained. By suitable choices for v’ (halo characteristic parameter), we can fit appropriate
rotation curves for different galaxies. The approximate GR solutions were also obtained,
although the deviation from the Newtonian results were found to be quite small.

Furthermore, we presented a model with a real scalar field ¢ as a function only
of coordinate r. We employed the ¢*-potential which is known to cause spontaneous
symmetry breaking. We demonstrated how the scalar field can, in principle, reproduce
dark matter energy density for inside and dark energy for outside the halo. Inside the
halo, the rotational velocity was computed numerically and, shown to exhibit an almost
flat behavior.
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