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Abstract: In a previous paper, we discussed the Killing symmetries of the Kaluza-Klein-like
scheme known as Deformed Relativity in five dimensions (DR5), based on a five-dimensional
Riemannian space R5 in which the four-dimensional space-time metric is deformed (i.e. it
depends on the energy) and energy plays the role of the fifth dimension. In the present paper,
we carry on the investigation of the main mathematical aspects of DR5 by studying the geodesic
motions in Rs. In particular, we consider the case of physical relevance in which the metric
coefficients are power functions of the energy (Power Ansatz). The geodesic equations are solved
explicitly for all the twelve 5-d. metrics obtained as solutions of the vacuum Einstein equations,
and in particular for those describing the four fundamental interactions. It is also shown that
it is possible, from the geodesic motion related to one of these Power-Ansatz solutions, to get a
time-energy uncertainty relation of the Heisenberg type.
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1. Introduction

In the last twenty years, there has been a growing interest for theories with noncompacti-
fied extra dimensions [1-5] as possible candidates for unification of all fundamental forces
including gravity. Both theories with space [4] and non-space (e.g. mass [3]and charge
[5]) dimensions have been considered. Among the latter ones, there is Five-Dimensional
Deformed Relativity (DR5), introduced by two of the present authors (F.C. and R.M.),
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together with M. Francaviglia [6-8]. DR5 is a theoretical scheme a la Kaluza-Klein (KK)
9], based on a five-dimensional Riemannian space R; with energy as (noncompactified)
extra dimension. It represents a covering of Deformed Special Relativity (DSR), which
is in turn a generalization of Special Relativity (better, of Lorentzian Relativity) in a
deformed Minkowski space-time M with metric coefficients depending on the energy [8].
DSR allows one, among the others, to give a geometrical description of the four fun-
damental interactions. We investigated in a previous paper the Killing symmetries of
DR5 [10]. In this paper, we carry on the study of the mathematical properties of such a
formalism, by discussing the geodesic motions in R;.

2. Five-Dimensional Deformed Relativity: A Survey

2.1 The 5-dimensional Space-Time-Energy Manifold ¥

Deformed Relativity in Five Dimensions is a Kaluza-Klein-like theory based on a 5-
dimensional space-time-energy manifold R5 endowed with the energy-dependent metric?

[6-8]:

9ap.prs(E) = diag(bi(E), —b3(E), —b3(E), —bi(E), f(E)) ESC off

=6 (b3(E)da0 — bI(E)da1 — b5(E)daz — b3(E)das + f(E)das) (1)
with infinitesimal interval

ds%l%(E) =dS*(E) = gaB, DR5(E)dxAde =
— bX(E) (d ) — B(E) (d")? = B3(E) (dz?)? — B3(E) (d2?)* + f(E) (dz°)? =
= B(E)E (dt)* — b2(E) (da')® — B3(E) (da?)* — B3(E) (dz®)* + f(E)I2 (dE)?,
(2)

where we have put
ZL‘5 = loE s l() > 0. (3)

The energy dimension, being a physical — not space — one, is not compactified.

The Riemannian space R5 can be considered a covering of the deformed Minkowski
space-time M M(E) = M (%) on which Deformed Special Relativity (DSR) [8] is based. We
recall that M (:v , gpsr) is the same vector space on the real field as the Minkowski space

2 In the following, (lower) Greek and Latin indices label space-time (1 = 0, 1,2, 3) and space coordinates
(i = 1,2,3), respectively, whereas capital Latin indices take values in the range {0,1,2,3,5}, with index
5 labelling the fifth dimension. We choose to label by 5 the extra coordinate, instead of using 4, in order
to avoid confusion with the notation often adopted for the (imaginary) time coordinate in a (formally)
Euclidean Minkowski space. Moreover, we shall employ the notation ” ESCon” (" ESCof f”) to mean
that the Einstein sum convention on repeated indices is (is not) used.
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M, but with metric gpsg given by
gpsr(E) = diag(b3(E), —bi(E), —b3(E) , —b3(E))

ESC off
= 5#!/ [bg(E)(suO - b%(E)(sul - b%(E)éuZ - b?’,(E)éuS] ) (4)

where the metric coefficients {b2(E) }(u = 0,1,2,3) are (dimensionless) positive func-
tions of the energy E of the process considered?: bi = bi(E) The generalized interval in
M reads therefore

ds? = B2(E)2dt® — bA(E)da? — b(E)dy® — bA(E)dz* =

= gHU’DSRdI‘udI’V =dx xdx (5)

with z# = (20, 21, 2%, 23) = (ct, z,y, z), ¢ being the usual light speed in vacuum. We refer
the reader to ref.[8] for a detailed discussion of the physical and mathematical properties

of M(E) and DSR.
One can therefore state that 35 has the following “slicing property”

Rs| 105 —0.0a5—77 = M (a7) = {]\4@5)}1“,,:E (6)
where 2% is a fixed value of the fifth coordinate or, at the level of the metric tensor:
h 5 fixed val f the fifth d he level of th

5 ‘ _ =
9aB,pRr5(T”) de5=0z5=15eR}

= diag (B3(a%), ~b3(2%), ~b3(27), ~V3(e%), £/ (2) ) = gap,psn(e?). (7)

Some aspects of the Riemannian structure of R, including the vacuum Einstein equa-
tions, are given in App.A.

2.2 5-d. Metrics of Fundamental Interactions

2.2.1 Phenomenological Metrics

The 4-d. phenomenological metrics of the deformed Minkowski spaces M (2°) which, in
the formalism of DSR, describe the four fundamental interactions (electromagnetic, weak,
strong and gravitational) [8] (see App.B) can be embedded in the 5-d. Riemann space

3 Quantity F is to be understood as the energy measured by the detectors via their electromagnetic
interaction in the usual Minkowski space.
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R as follows (f(2°) € Ry Va® € RY):

gAB,DR5,e.m.($5) =

N 25\ V3
= diag | 1,—< 1+ O(z] ., — 2°) ( = ) -1 ¢,
T xO,e.m.
R 25 1/3
—{1+@(x8€m—x5)[<5 -1 },
T xO,e.m.
s

R 5 1/3
- {1 + @(xg,e.m. - .135) [(xg -1 } 7:i:f(x5)> ) (8)

9AB,DR5,weak ($5) =

ENRVE:
— ¢ 1+ O(24 year — *°) ( L > —1| 3, £f(") ]; 9)

5
xO,weak

gAB,DRE),strong ($5) -

. 5 2 9 ?
xO,strong

2 R . )
_ (%) ,— {1 +0(z° - fﬂg,stmng) [(xairong) -1 } ,ﬂ:f(x5)> : (10)

gAB,DR5,g7"av. (lﬁ)

= diag (1 + (:)(3(:5 — xg,gmv.)
1 5\?
- (1 + — ) 1
4 xO,grav‘
(11)

It is possible to show that all the above metrics — derived on a mere phenomeno-

_b%,grav.<x5)7 - {1 + é($5 - :Cg,grav.)

logical basis, from the experimental data on some physical phenomena ruled by the four
fundamental interactions, at least as far as their space-time part is concerned — can be
recovered as solutions of the vacuum Einstein equations in the five-dimensional space R,
natural covering of the deformed Minkowski space M (x°) [6-8].
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2.2.2 Power Ansatz

Since the space-time metric coefficients are dimensionless, it can be assumed that they are
functions of the ratio E'/FEy, where Ej is an energy scale characteristic of the interaction
(and the process) considered (for instance, the energy threshold in the phenomenological
metrics of App.B). The coeflicients of the metric gap prs(E) can be therefore expressed
as

/() 1(5) -

where we put

In particular, following also the hints from phenomenology, it is possible to assume that
the metric coefficients are powers of the energy, namely to put

9 AB,DR5power (aa xB) -

. 335 q0 335 q1 I’5 q2 Z’5 q3 x5 r
mg((ﬁ) ,—(;) »—(;) ’—(;) ’i(ﬁ))
0 0 0 0 0

(14)

(90,q1,G2,q3,7 € Q, A, B=0,1,2,3,5), in which the double sign of the energy coefficient
has been made clear and the (fake) 5-vector q = (qo, q1, 2, g3, 7) introduced?. In the
following we shall refer to the form (14) as the”Power Ansatz”.

In the Power Ansatz, the 5-d. phenomenological metrics for the four interactions,

4 In the following, we shall use the tilded-bold notation v for a (true or fake) vector in R, in order to
distinguish it from a vector v in the usual 3-d.space.



286 Electronic Journal of Theoretical Physics 7, No. 23 (2010) 281-354

Eqgs.(8)-(11), can be written in the form

gAB,DRE),e.m.,weak ($5> -

( 1/3 1/3
x® x®
]'7_ 5— ’_ 5— )
xO,e.m.,weak xO,e.m.,weak
1/3 r
x® x®
N
x X
0,e.m.,weak 0,e.m.,weak

5 5 .
0<2” < $0,e.m.,weak’

x° '
diag [ 1,-1,-1, 1,4+ | =——— | |,
xO,e.m.,weak

5 5 .
Zz Z xO,e.m.,weak’

(15)

5
gAB,DRS,strong(a7 ) =
2
2 2
-5 sy | T P ’
xO,strong d d
2 r
x® x°
= , =+ —
T Z
0,strong 0,strong

= ‘7:5 > xg,strong; (16)

2 2
2 2 2 "
dmg 17_ \/5_ y (g) 7_17:|:< 51’ ) )

CUO,strong

diag

)

5 5 .
0<z S xO,strong’
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9AB,DR5,grav. (l’5> -

1 2\
Z (1 _'_ 5 ) 9 _b%7gr(u},(‘r5)7 _b%,grav.(‘r5)7

xO,grav.

1 5 2 5 r 9
(=) (S
4 mO,grav. :L‘O,grav.

_ 5 5 .
- x© > xO,gra”u.’

diag

5 r
diag (1’ _b%,grav.(x5)7 _b%,grav.(x5)’ _17:|: ( 5x ) ) ’

xO,gT’av.

5 5
0 <2 <24 gran.-

(17)
where their piecewise structure has been made explicit. In the gravitational metric
9AB,DR5 grav.(2°) the expressions of the two space coefficients b7 ., (¢°) and b3 ., (2°)

have not been specified, due to their indeterminacy at experimental level.
The phenomenological 5-d. metrics in the Power Ansatz are therefore characterized
by the parameter sets

1 11 .

. (O’ 373 5,7”) ) 0< I5 < xg,e.m./weak’

Qde.m./weak = ) (18)
(07 07 07 07 T) ’ x° = xae.m./weak;

- (27 (07 0) 727 T) ’ xs > xg,stTong;
Astrong = ; (19)
(07 (07 0) ’07 7”) ) 0< ‘Ts S x?),strong;

N (27?7?727 T) ) z° > xg,grav.;
Qgrav. = ) (20)
(07 ?7 ?7 0, T) , 0< x° < 'Ig,grcw.

where the question marks ”?” reflect the unknown nature of the two gravitational spatial
coefficients.

Let us clarify the notation adopted for Qsirong and qgray.. The zeros in brackets in
Qstrong reflect the fact that such exponents do not refer to the metric tensor gap, p R5power(:v5)
(Eq.(14)), but to the more general tensor

5
gAB,DRSpowerfconform(x ) -

:C5 q0 1,5 q1 :U5 q2 :C5 q3 :C5 r
= di ll 9, [ = 9, [ = 9. [ = +9- [ =
dwg(ﬂo () '~ () 2 () Vs <) 05 ()> ’
(21)

with ¥ = (94) being a constant 5-vector. Eq.(21) can be written in matrix form as

gDR5power—conf0rm<m5) = gDRSpower (15)7-9 (22)
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where ¥ is meant to be a column vector. The passage from the metric tensor g4z prspower (955)
t0 g4B.DR5power—conform(2°) is obtained by means of the tensor transformation law in %5
(ESC on)
0x® Ox*
9AB,DR5power—conform (x5) = ax,A &L_—,BgKL,DRSpower (1:5) (23)

induced by the following 5-d. anisotropic rescaling of the coordinates of Rj:

do? = \/Oada'y & 1 = /942 (24)

Such a transformation allows one to get, in the Power Ansatz, metric coefficients constant
(i.e. independent of the energy) but different. This is just the case of the two constant
space coefficients b?(x°), b3(x”) in the strong metric. In this case, the vector 9 explicitly

2
~ 2 2\
ﬂstreng = 07 <%) s (5) 707 ? ) (25)

where the question mark ”?” reflects again the unknown nature of +f ().

reads

The underlined 2, 2, in qgq,. are due to the fact that actually the functional form

5 2 1 5 2
of the related metric coefficients is not ( 5x > but 1 (1 + Sx ) . Again, it is

xO,grcw. g
possible to recover the phenomenological 5-d. metric gAB7DR57gmvv($5) from the Power

,grav.

Ansatz form gap, DR5power(x5) by a rescaling and a translation of the energy. In fact, one

has

5

® — ¥ =1 — 1) & da® = da®. (26)

Such a translation in energy is allowed because we are just working in the framework of

DR5. Therefore
2 —\2
_ 5/ 5 5/ 5
Ba®) = B +28) = B e (7)) = (— *) - (“”“—ﬂ—) e
' Zy Ty Ty

By rescaling the threshold energy (in a physically consistent way, because it amounts to
a redefinition of the scale of measure of energy)

5 5/ 5 :;8
rg—xy =xy | = |, (28)

5
o)

~ ~ 2 ~ 2 2
56'5, 56'5 :U5 £C5 :U5,
b2 new x5/ = —:0 —|— 20 = 0 ]_ —|— e . (29)
0, ( ) <x8/ 338 xgl .1'8/ .Tg

~\ 2
-

This metric time coefficient is of the gravitational type, except for the factor (—0 ,
x

one gets

which however can be got rid of by the following rescaling of the time coordinate:
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This is a conformal transformation corresponding to a redefinition of the scale of measure

of time. Notice that the above rescaling procedure of energy and time does not account for
5

2
the factor 1/4 in front of (1 + ) . This can be dealt with by the method followed

IO,grav.
for Qstrong, namely by considering the generalized metric gap prspower—conform(2°) , where
now the vector 9 is given by J= (i, 7.7, }1, ?) (as before, the question marks reflect the
unknown nature of the related metric coefficients).

Notice that both in Eqs.(15)-(17) and in Eqgs.(18)-(20) it was assumed that
‘Ju.int(J?g,mt.) =0, n=0,1,2,3,int. = e.m., weak, strong, grav., (31)

for simplicity reasons, since in general nothing can be said on the behavior of the metrics
at the energy thresholds.

Let us introduce the left and right specifications o, (x), Ox (x) of the Heaviside theta
function, defined respectively by

~ 1,z >0

Or(z) = , (32)
0, <0

~ 1,z >0

Or (z) = , (33)
0,z <0

and satisfying the complementarity relation

~

1—Op(z) =0, (z). (34)

Then, the exponent sets (18)-(20) can be written in compact form as

- IA
Qe.m./weak = (07 g@L (xg,e.m./weak - ZE5) )

14 1~
gGL (xg,elml/weak - xS) ) g@L (‘rg,e.m./weak - ZE5) 7T) ) (35)
astrong = <2éL (:C5 - :Eg,strong) ) (O? O) 72@[/ (1'5 - xg,strong) 77“) ) (36)
Ggrar. = (200 (5 = 8 ) 2720 (2° = 35 ) 7). (37)

where the underlining and the question marks have the same meaning as above.
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2.2.3 Solutions of Einstein’s Equations in the Power Ansatz

In the Power Ansatz, the vacuum Einstein equations in 35, Egs.(A.1), for A5y = 0 reduce
to the following algebraic equations in the five exponents qo, q1, ¢2, g3, r (cfr. Eq.(14)):

)
C+r)(B+a+e) —G—6— 46— ae— @gs — ¢ =0;
2+ 7)(gs+ 0+ @) — @5 — 45 — 4§ — G243 — G290 — G390 = 0;

24+7)(g3s+q +aq) — Q% - Q32, - qg —q193 — @190 — q390 = 0; (38)

2+7) g+ ¢ +q) —a — @ — 4§ — @gz — @do — G200 = 0;

G192 + q1G3 + @190 + q2q3 + G2q0 + q3q0 = 0.

\

It can be shown [6-8] that they admit twelve possible classes of solutions, which can be
classified according to the values of the five-dimensional set q=(qo, ¢1, g2, g3, 7). Explicitly
one has:

~ 2
- Class (I): ar = (QO =q2="n,q1 = _n< p+n) , N, 43 :parf)a with
2n+p

_p2—2p+2np—4n—|—3n2‘
a 2n+p ’

Tr
- Class (IT): q;; = (0,q1 = m,0,0,7 =m — 2);
-Class (II1): qrr = (@ =@ =@ =n,qa = —¢ = —n,n,n,r = =2(1 —n));

- Class (IV): aIV = (0’0707q3 =p,r=p—= 2)7

-Class (V):qv = (@ =q0=¢@=—q=—p—p,—ppr=—(1+p));
- Class (VI): qvr = (0 = ¢,0,0,0,7 = ¢ — 2);

- ClaSS (VII): aVII = (qo = q’ —q7 _Q7 _Q7 r = _q — 2) 7
- Class (VIII): qyyr = (0,0,0,0,7);

- Class (IX): q;x = (0,0,q2 = n,0,7r =n —2);

_pg+np+ng

- Class (X): qx = =q,q =
(X): ax <QO 4 q P——

yd2 =N, (43 :purX)ﬂ with

n+p+q)(n+p+q—2)—(pg+np+n
py = PEPH A Epra=2) =gt nptng gy
n+p+gq
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n(2q +n)

- Class (XI): qx; = (QO =q,q1 = — M+ g

v Q2 =N, q3 = Qo = nﬂ”XI), with

3n2—4n—|—2nq—2q+q2'

Ty = :
X1 2n+gq
~ n(2q +n i
- Class (XH)i adxi11 = <CI0 =4¢,91 = G2 =n,N,q3 = —(—)77")(11)7 with
2n +gq
p? +pq—2p +np — 2n 4+ ng +n® — 2q + ¢*

T =
X n+p+gq

Moreover, it was shown that it is possible to recover, as special cases of such classes
of solutions, all the 5-d. phenomenological, deformed metrics for the four interactions
given in Subsubsect.2.2.1. We refer the reader to refs.[6-8] for a detailed discussion.

3. Geodesic Motions in 5

It is well known that, in a Riemann space, the dynamic laws are actually geometrical
laws. As familiar from General Relativity, the motion of a body in a gravitational field
is described by the geodesic equations, which are in turn related to the affine and metric
properties of the Riemann space-time. Analogously, we expect that, in the framework
of DR5, the local dynamics of particles ruled by the four fundamental interactions —
described by the 5-d embeddings of the DSR phenomenological metrics: see Subsub-
sect.2.2.1 — is embodied in the 5-dimensional geodesic equations in Rs.

3.1 Proper time and geodesics in DSR

This has to be compared with the case of Deformed Special Relativity, where — as in
any special-relativistic theory — the geodesics equations are trivially given by

d2$“ (TDSR)

2
dThsr

= 0. (39)
Here mpgg is the proper time in DSR, defined, in analogy with the SR case, by

(drpsr(E))” = é(dsDSR(E))z =
= 3 [BErae —1(E) (@)~ B(E) (@0%) - BE) (@0)] . (a0)

Since dr is an invariant, it is possible to choose a suitable inertial frame in order to
simplify its expression. As is well known, in SR one takes the rest frame of the particle,
i.e. dz' = dx? = dx® = 0 (SR natural frame). In DSR, the natural frame corresponds
to the frame where the particle is at rest with fized energy E, namely with dz' = da? =
dx® = dE = 0:

0,1 .2 .3 (.0 1723
(x,a:,x,:v)DSR’nat—<x,x,:v,93

(41)

E=F
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(DSR natural frame). Then

(drpse(E))* = ~ (dspsr(B))?| = R(E))di2. (42)

¢ nat

Finally, omitting the dependence on E, one gets for the infinitesimal proper time in DSR
dTDSR = bodto (43)

or, in finite form [8]:
Tpsr = boto. (44)

Such relations are analogous to those between proper time and coordinate time found in
General Relativity (drgr = /goodt)’. In the DSR case, too, the proper time does not
coincide with the time measured by the local observer in the particle frame. Like in GR,
therefore, one has to distinguish between the real (proper) time T and the coordinate (or
universe) time t°.

As for SR, the geodesic equations (39) in the deformed Minkowski space M yield
solutions which are straight word-lines:

t*(Tpsr) = anTpsr + e (45)

(k=0,1,2,3).

On the contrary, we shall see that the geodesic equations in 35 do possess a non-trivial

structure, corresponding to an extrinsic dynamic behavior”.

3.2 Proper Time in DR5

The proper time in DR5 can be found by a procedure analogous to that followed in
Special Relativity and in DSR. By definition, it is

(o) = 5 (dsorsta”) = 5 (45()° =
= 3 [0 = D) () = 1) <dw5>2] - (a0

As in DSR, the DR5 natural frame is the frame where the particle is at rest with fixed
energy® [8], namely

(xo,asl,a:Q, xs,x‘r’)DR&mt = (xo,;, 22, 13, E) . (47)
® Indeed, since gpsroo = b2, the general-relativistic relation for dr becomes exactly the DSR relation
(43).

6 As is well known, such a distinction is fundamental, within GR, for the analysis of gravitational phe-
nomena (like gravitational collapse). Something analogous occurs in the DSR framework for interactions
described by asynchronous metrics (like the strong one: see App.A), for which this fact may have deep

physical implications. We refer the reader to refs.[8] for more details.
7 Actually, it can be shown that the non-trivial dynamics of DSR is related to the intrinsic geometrical

structure of the deformed Minkowski space M as Generalized Lagrange space (see second ref.[8]).
8 However, let us notice that, in the DR5 framework, the natural frame is in general non-inertial, due

to the Riemannian structure of Rs.
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In other words, due to the slicing structure of R (cfr. Eq.(6)), the natural frame in DR5
is the five-dimensional, local (since the fifth metric coordinate is fixed) generalization of
the four-dimensional, global inertial, natural frame of DSR.

Then

= bA(25)dt? =

(drrs (E))2 _ 1 (CzS(ﬁ))2

C2 nat
= dTprs = bodt, (48)
or, in finite form:
TDR5 (F) = bo(ﬁ)t (49)

(where ¢ is the coordinate time in the natural frame (47)). One gets therefore the same
result of DSR, as expected on physical and mathematical grounds, on account of the
embedding M (z°) C Rs.

3.3 Geodesic Equations

Let us now consider the geodesics in the five-dimensional space-time-energy Riemannian
space R, in order to clarify their possible physical meaning (see ref.[11] for a thorough
discussion of the geodesic equation of motion in a general Kaluza-Klein model).

The geodesic equations are

d2xt 4 dxB dx®
dr? BC qr dr

— 0, (50)

where, for massive particles, 7 = Tpgs is the proper time in Ry (or another affine param-
eter — not necessarily invariant — for massless particles?). The compatibility condition
of the definition (49) of Tprs with the geodesic equations (50) in R is straightforward
(the components of the connection I'4, vanish for 2° = 25: see Eqs.(B.4)).

On account of the explicit form (B.4) of the affine connection, one gets the following

9 Indeed, let us recall that, in a Riemannian space, the geodesic equations — although formally identical
in any reference frame — actually do depend on the chosen frame, due to the non-tensor nature of the
affine connection I'a .

For instance, it is possible to parametrize the space-time trajectory of a massless particle in terms of z°,
determined by the null-interval condition as follows:

dstps = 0 <=

= 0 (da®)" = Db (a”) (da')” £ f(a”) (da®)" = 0 =

= i = ,}J [Z_ b2(a%) (da')® F f(a7) (da)? |
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system of five coupled differential equations

(

d?xt(T) b, (2°(7)) dat(7) da®(7)

i NG dr A
p=0,1,2,3 (ESCoff);
! d?x>(7) o

— gaﬁba(;ﬁ(T))b;g(xS(j)T;(dx;(T))2:Ff’(:c5(r))( Ir )2]

(ESC on),

where the prime denotes derivation with respect to z° and g, is the Minkowskian metric
tensor.

System (51) does not admit solutions in general. In the following, we shall confine
ourselves to look for physically significant solutions in the simpler case of the Power
Ansatz for the metric coefficients.

4. Solution of the Geodesic Equations in the Power Ansatz

It has been already noticed that the phenomenological metrics for the electromagnetic,
weak, gravitational and strong interactions, derived in the context of DSR, can be recov-
ered as 5-d. metrics found, in the Power Ansatz, as solutions of the Einstein equations
in vacuum and with cosmological constant Ay = 0 [6-8]. In this Section we will solve
the geodesic equations in the Power Ansatz for the 12 classes of the vacuum Einstein
equations.

4.1 General Solution

In the Power Ansatz for the metric coefficients (see Subsubsect.2.2.2), the system of
geodesic equations (51) takes the form

d*zt g, dat da®
- ———=0,0=0,1,2,3 (ESC : 52
dT2 + x5 dT dT 7/‘L )y ( 0ff)7 ( )

D2\ fdee r dz®\ 2
Jop e 3 xy \ dr $2:105 dr

with g, denoting, as usual, the Minkowskian metric tensor.
The solution of Eq.(52) in terms of ° reads (ESC off)

d?x5 1
dr? + 2

=0 (ESC on), (53)

P(7) = Cy + Coy / dr (7)) ™" (54)
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where C)1, C)2 are real integration constants. Replacing (54) in (53) yields (ESC on)

e R , P\NC e\ 2
dr2 + 5 (f(]) (33 ) gocBOoQQa <a7_(5)) + ﬁ (d_T> = 0. (55)

By solving this equation one gets the following implicit functional relation for x°(7):

N3

reAF (@) [dCRGa )| o, (56)

(=a7(r)

(A1, A; € R), where (ESC on)
FulGa, A2) = {F g (a8)" CLC F () " 47|}
(57)

and q = (qo, q1, q2, g3, 7) is the parametric set of exponents of the metric coefficients (in
the Power Ansatz) for the class of solutions considered. Of course, the explicit form of
the function F((;q, As), and therefore of the indefinite integral in ¢ in Eq.(56), depends
on the set q (and on the integration constant As); moreover, it determines the geodesic
motions in R for the class of solutions characterized by the exponent set q. This is why
we shall refer to it as the geodesic generating function. The integral in (56) then becomes
(ESC on)

/ dCF: (G, As) =

— 46 [yt Gl ()3 + s A ()] 2. (59)
with
O‘O,i(qm 0327 ($8)) =+ (wg)qo CSQ?
al,i(Q17 C11227 (Qﬁg)) == (:L,g)‘h CY1227
a2,:|:(q27 C’2227 (x8)> ==+ (ajg)q2 C’2227
as +(gs, O3y, (17(5))) = (xg)% Coi
as(r, Ao, (25)) = (2f) " As. (59)
Such an integral is of the type (ESC on)
dz i (60)

Va+ 0c,a
with a, ¢, (1 =0,1,2,3) real constants. For r # —2, putting y = 227! yields

r
2

_ 2 ‘/" dy
a+o,cx v  T+2 \/a + 0, €y v (@)

(61)
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2q,
r—+2

where 7,(q,,7) = — . For r = —2 one gets instead, by the substitution y = Inxz

(x >0):

(62)

dx B dy
/:c\/m a / N
The Riemann integrals (61) and (62) do not exist in literature for generic values of the
constants. Then, the general solution of the geodetic equations (52), even in the Power
Ansatz, can only be expressed in terms of such integrals by means of Eqgs.(57)-(62), and
therefore takes the implicit form

2t(1) = Ca + Cug/dT (2°(r))™™  (ESC of f); (63)

P @) [drGaa)  —o (64)

¢=a5(1)
with the generating function given by Eq.(57). Eq.(64) for the energy coordinate explicitly
reads

T+A1

ESgon g/‘/ dy =0
e G O (05)) 800 + (. A, (a9)

Yo (o, )——Tzz”z, y = (z5(r))2%, 1 £ -2 (65)

T+A1_

ESgon g// dx =0
VOt (G O, (a8 + a5(r, A, (a))

u27
r=2; (66)
where we put
a0+ (40, G, (1)) = F (25)™ G
a1+ (a1, C ><$8)) == (ﬁg)ql 0122,
Q2,4 (g2, O, (1)) = = (23)™ Oy
a3+ (qs C 7(958)) = (wg)q3 C§27
a5 (r, Ag, (23)) = (25) " As. (67)

4.2 Explicit and Implicit Forms of Geodesics for the 12 Classes of Solu-
tions of Einstein’s Equations in Vacuum in the Power Ansatz

From the general solution (63), (64) it is possible to get the (explicit or implicit) solutions
of the geodesic equations corresponding to the 12 classes of metrics, obtained from the 5-
d. Einstein equations in vacuum in the Power Ansatz (see Subsubsect.2.2.3). The reader
is referred to ref.[12] for calculation details.
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4.2.1 Class (I)

The geodesic generating function Fy r((;n,p, As) (57) is given by

Fi,[(C? n,p, AZ) -

2 2 o 2 2_ _ 2
= |a)) T HE R TR £ (@) (O - G
1
_ 2p? —2p+dnp—an+3n> _ p?—2p+2np—an+3n?  p?—2p+2np—an+3n? | 2
i(x8>p0§2< S 27?4}—71» e —|—A2(5L’3) =" 22?—1: e C ==+ 2211) = . (68)

Therefore, the integral (58) can be put in the form (2n + p # 0):
dn +p dy

, 69
3n? + 4np + 2p2 \/Coya(’mp) + Clyﬁ(n,p) + C3y”/(n,p) + C9 ( )
with
( a(n,p) = 2p° + 2n* + 8np
PI= 302 T + 2p?’
Bln.p) = 2p° — 4n* + 2np
’ 3n? + 4dnp + 2p?’ (70)
(n.p) 2p? + 4np
n,p) = ;
QA 4 3n? + dnp + 2p?’
n2
|y = (@3(7) ™57, 25(7) > 0;
( 13 n2
co = £(a})” FH O
a1 = £(23)"(C35 — Cy); (71)

C2 = i(xS)PC§2;

272p+2npf4n+3n2
o 5 _p —<prenpmaAnTon.
L C3 = Ag(.’L’O) 2n+tp

and cannot be evaluated for arbitrary values of the parameters. Therefore, the solution
for Class (I) can only be given in implicit form by replacing Eqs.(69)-(71) in the general
solution (63)-(64).

4.2.2 Class (II)

The function F.((;q, A2) reads, in this case

Fi,[[(c; m, AQ) =
= {j: [C222 + C§2 - 032 + A2(x8>7m+2] CimH + (x8>m0122<72m+2}_5 . (72)

The Riemann indefinite integrals of the generating functions Fy ;((;q, Aq) (i = 11,1V, V1,IX)
for the classes (II), (IV), (VI) and (IX) can be put in the following form (ESC off)

_1
/dCFﬂ:,z(C, a, Ag) = /dc [aig—ki+2 + bic_QkH_Z} : 7
kip =m, kv = p kvi = ¢ kix = n, (73)
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where a; = a;,(C3,, C%,C3,,C%,.q, Ay, 23), b; = b;(C3,, C%,, C3,,C2,,q, Ay, x]). They can
be evaluated as follows ( y = 2*)

(2Vb
2v b1, a0,b40;
ka \/ b

1 k
_blll{? , = 07 b # 07
d
- (74)
Vaz—F+2 + bp—2k+2
2) l’k/2
_— b
\/a k ) a # 07 07
! Injz|, k=0
\ va-+b ’ o
The solution therefore reads
(1) =Cu + Cpar, 1 =0,2,3; (75)
(1) = Cpy + Cha / dr (1:5(7'))_m : (76)

As to 2°(7), we have the following cases:
1) m #0:
1.1) C3, + O3, — Cfy & Ag(x3) ™2 £ 0, C12 # 0:

5\m 2
5 _ (z5)"C,
=) = { [C3, + C3, — Cfy £ Ay(af)—m+2] .

1/m
m2(C2, + C2, — C2, + A, (z3)"m+2 2
(C3 324(175)02202 2(7p) ) (T+A1)2_1]} : (77)
0)°C12
1.2) C3, + C3y — Cgy £ Ay(23) "2 =0, C1p # 0:

aﬁ(T)::[iﬂn\/izzi;lﬁgwﬁ)m22(T-F/h)lum

; (78)
13) 0222 + 0322 - 082 :t A2<x8)_m+2 7é 07 012 — 0:
2’ (1) =
VECS + 0h — OB £ Aa@y) 77, 4 ns o
= |+m 5 (z5) = (T4 Ai) (79)
2) m=0:

2°(7)

= exp {W £ (O, + 3y — Oy + Ag(a}) ™2 + (a))mCE) () "7 ( + Al)} . (80)
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4.2.3 Class (III)

One gets

Fyi(¢n, Ay) = {1[0222 + C§2 _ 032]<x8)n<a—3n+2+
A (af) I 2 () OB (s1)

The integral of Fy 177(¢;n, A2) is then of the kind

d
/ ‘ (2)
Var2—m + bx?22n 4 cg2-3n

which admits an explicit solution at least for some values of the parameters.
The geodesic solution therefore reads

(1) =Cpu + CMQ/dT (°(r) ™", p=0,2,3; (83)

(1) = Cpy + C'u/dT (x5(7))n; (84)

where z°(7) is given (explicitly or implicitly) by:

1) n #0:
1.1) C3, + C2%, — CZ, = 0:
1.1.1 - Clg §£ O, AQ # 0:

A (25)—n+2 2 (4 1/n
() = {2y a2 |1 (85)

1.1.2 - 012 = O, AQ 7& 0:
1/n
2 (7) = [:I:m/Ag (T+A1)] : (86)
1.1.8 - 012 75 0, A2 =0:

2/n
2(r) = [i%(xg)’é—l (r+ An) — 1] . (s7)
1.2) Ay = 0:

1.2.1 - C1a #0, CH + C%, — C3, £ 0, C%, # (C2, + C2, — CF) (x5)™™

(ot =8 {@ ((x%)"\/ o= ChoCh (x%))”) 8 ((°(7))") x
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rr

2
5 2 2 2
C2=C52=C35
5(7) ty

2
022 B

2
C112

:FZ@ <($5(T))n i (%8)”\/002 — C32> %

2 5 _
e \4/002 2222 K thtZ
12 = :
2
C2 02 (2 -
\/ 02 0222 2 (45(1))
-2 (.T5<7-)>” 12
X 02 . 02 ~ 02 )
\ \/ 02 032 2 4 (25(7))
- 12
or
C2 —C2 — (2 \J1_ %(wig))n -
\/5(1'(5))75\4/ 02 Cz 2 % o)

_|_

)2n

5 5 5 17 c? 70 5 =02y [ 25(7) —
) ﬂﬁ%y¢%2c% ag//l [ (y) vite
Cty 12
2
C2, —C3,— (2 x5 \"
9 5(-\\7 _ <02 22 32 0 sy | L
+ \/ (&5(r)) o () e
1.2.1b) - (C3,+C3, —C3) >0
In this case, the integral
/ dz
V(@) " Cha? T £ (C3, + O3 — Cgy) () a3
is unknown, and therefore no solution can be given even in implicit form.
1.2.2 - Cia # 0, C3 + C3, — CF, # 0, CFy = (C3, + C3 — Cf,) (g

(-735(7))” FnPCh(xg)" (T + A1)’ +

1.2.8 - 012 §£ O, C222 —+ C§2 — 032 =0:

.
1.2.4 - Ciy

=0, C222+C§2 - ng # 0:

(z°(r) " =o.

3n n 2/3n
(1) = {i?\/i (C3,+C3, — CE) ()2 M (T + Al)} .

(91)

(92)
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13) 012 =0:

1.3.1- Ay #0, C, 2 £ 0:

2 2 2 5\4n—3
— 5\1—n (022"’032_002)(%) A
T A=) { nAy? © :FC22+0322 )"

a As(xf)?7*" [ ad(r) 2(x5)> 2" 5(7')
<6 (Fepidh—er (5 ) 1) i (5 )
1 xd "C2 4+ C2 — (2
(2 10 0 22 T O3 02 (. 5\2n—2
X 9 1(27 ’O,ZF(.TE’( )) AQ ('IO) +
o) Ag(xf)22n 5(T) fay A
+0 (i 0322"‘0032,2 (o5 < g ) + 1) © <:F0222+C§22—032> %
2 Ap(af)> 3" (x%)
303, +C3 — G5, 0

o)

135 2(7)\" Ag(xd)P
XQFI (_a_;_;:F< 5 ) 02 C?Z _02
2°2°2 Zy 22 1+ U3y 02

(

X

Ay(af)? i (335(7) "

C3,+ C3, )

- C3,
1 x C2,+C2, - C2
X ok (57 -1;0;F (x5(0 )) = AS; = <x8)2_2n>
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:l: (0222+C?2>2 C )( 8)4’”73 @ :l: Ao X
nA3/2 0222+C§2_C§2
(

2 Mg (2P(r)\*"
305 +C3% —Cgy \ 20
135 22(7)\" Ay(xd)F ’
Xob1| 5,575 F (5) p 2 02) 2
2°2°2 Lo Cyy + O35 — Cp
or
Aafa}) (27(r)

C'222 + C§2 032 5”5

x CZ, + 02 C? B '
X oF) (%, —-1;0;F (a:f’((;')) 22 1522 02 (z5)%" 2)

or

Ag(23)2—2n () \" Ag(x3)2—2n (1) \"
{\/ oo (5F) [Faa (59) +1] -

A 5\2—2n 5 n
(Y,
Co +C5 — Ciy \ 73

Ap(xg)* ™" (2°(7)\"
+ 1
+\/ Ch+C5h—Ch \ 3 i

X

X

—In

(93)
Here, o F} is the generalized hypergeometric function of class (2,1), defined by
o0 Sk
2F1 Bz Z k (94)
k=0 (D
with (a), being the Pochhammer symbols
I'(a+ k)
= 95
(@)= 5 (95)
and -
I'(z) = / e " tdt  (Re(z) > 0) (96)
0

denotes the Euler gamma function (or Euler integral of second kind).

1.3.2 - Ay #0,C5, + C2, — C2, = 0:

= [j:n\/A_g (1+ Al)] v . (97)

1.3.3- Ay =0, C% + C2, — C2, # 0:

() = [£5£(Ch + - G F 7+ A1) e (98)
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14) 012, AQ, 0222 + C§2 - ng 7£ 0:

1.4.1 - CFy # (C3, + C3 — CFy) (25)*™:

1.4.1.a) - (C3, + C3, — C3,) < 0:

(7 + Ar) = £ (23) " {@ (im

){1\/14_25

F- x
n C%, "0

A3(z5)t—4n 1+ 1— 4052(C%2+C§27082)
)

A%(x8)4—4n

<& | “r(chraa,

A (ap)> > ( x5<r>>”

ez ez -z \ 758

( i 2v1_4@x@ﬁ@f%gE

A% (x8)4—4n

(A, B) +

)

1 1 4 C(122 (0222 +C§27082
-1+ - A%(x8)474n

A% (x8)4—4n

{/1 . 40%2 (C§2+C§2_C§2)

Tegvcs—cz 4

_9, /T Aagr (xf’(r))”

F(A,B) +

X

).

% (C3,+C3,~C3y)

n AQ(x5)2—n c
(zo(7))" £ 20— 1+\/1—4

A% (x8)474n

2 (C3+C3,—C3y)

AQ(QU5)2_" \/ C
5 n 2\%~0 o o
«d @) E =G — 114

or

A% (w8)474n

_2d1_4@x@ﬁ@f%»E«13%%

A% ($8)474n

_L+¢1_4@A@ﬁ@2%9

Ag (18)4—471

+

d1_4@x@ﬁ%fﬁa

A% ($8)474n

F(C,B)
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Aaf)

| Lo G Ca)
_iVAs s | 208 (Ch + O - CR) Aj(ag) ' x
n C%, N A2(zg)? (x5(7'))"
Ch+C5 —CHh \ 73
[~ 2 (2 2 2
2</1 - 4012(5%’2(296%%3471002) E(D.G)+
02 02 02 702
X -1+ \/1 —4 12(,45,2(2;%)43—24" )
+ F(D,G)+
</1 4 Ch(ChtChCh)
| A%(xg)élféln
_C%2<x3>3"—2<x5<7>>2"_ (g <x<>)
9 Ay g Ch+Ch—Cih\ w3

Ay ()"~ (mS(T) ) ’

C%+ 05— Cf, \ a3

Ly
—~ A2
+O (:F ) X
C3y + C3y — Cf,

w | iV 55 A3 (af) '~ 1)1 - 4CR(CtChCh) ) A <x5<r>
n Cf, 70\ 203, (C3,4+C2,—C3y) A3 () C3+C5—Cha \ 25

L \/1 _,Ch(C + 0%~ C3)

A

il/l B 40122 (Ch +C3 — C)

F(H,B)+

ARy

X 4 C'122 (032 + 03?2 - 032) +
—24/1—4 FE(H. B
J A P
C2(x5)* 2 (25(1)\™" Ay(2g)> > [(2P(1)\"
5 2 2 2 5 +1
Ay Ty Cy + 035 — Ci \ 73
Ay(ag)> " <x5(7) ) "

3 2 2 5
Cy + O3 — Gy Zy

+2
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) _ A3(a)t—4n . B 0%2(032"‘0??2_032)
+iﬁx5@ 20%2(5323‘032,2_032) ( 1+ \/1 4 AZ(x3)1-4n
n 0122 ‘ 2(5)2—2n 5 n
+ A (x5) (35 (T)>
C3+C5—Cfy 3
( —
C% (C3+ Ch — CB)
24/1 -4 12 22 32 OQELB
\/ A P
A
- F(L,B)
S Ch(Ch+ Ch—Cay
_ Ay
or
N Ct (CH + O3 — CF,)
—2¢4/1—4 E(M,G
By e
AL
+ F(M,G)+
S Ch(Ch+ Ch—Cay
A
n— 2n
iofz(xgy ? <x5(7')) 4 1 1—.J1— 40122 (C3, + C3, — Cfy)
+2 Ay ) 2 AZ(z5)44n
1T Ay (g)*2n ( 5 )n 1o /11— 40122 (CH+C3 — C)
]\ 20, \2%() A ()t
(99)

where F(z, k) and E(z, k) are the elliptic integrals of first and second kind, respectively,

in the normal Legendre form

F( k) /z dx /sinz dt
Z, = = )
0 V1—k2sin®z  Jo  VI—tW1 -k

z sin z /1 _ 1.242
E(z,k)z/ dwx/l—k%irfxz/ divl— Kt 2z, ke,
0 0

Vi—¢

z, keC;

(100)

(101)
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A = arcsin {

-1
2 2
x [1 - \/ 1- 4012(%§ﬁi324nc°2>]

and we put

+4 Ci, (:v5(5'r)>n \/1 _4032(0324‘)6;32'2;032)] %

Ag(x3)2n—2 xQ A2 (x3

o

C%,(C2,+C2,-C2 2 2\
1 + \/1 - 4 12(A§(2I8)43_24n 02) :i: 2A2( 51)22n—2 ( :C(g )) ] ;

A% (xg)474n

02 CQ +02 702

1+ \/ 1 - SRl ch)

B = ; (103)
) \/1 _ 4 Ch(ChrCh—c3)

2 2 2 2 n
s i1 Blea) g (40)
C' = arcsin 270 0 3 ; (104)
C3,(C3,+C3,—C?
\ b \/1 - 12(,452&3)43—2% )
b= 5 = 105)
= arcsin @) 102, (o5(1)) " ; (
+2 0" ( - )
2 2
-1+ \/1 — 4012 (522(2+)C;324n002)
“= : (106)
2/ 1 — 40122(0222"‘0322_032)
AZ(ag)d—4n
3 2,—C2 n— n
= arcsin § ; (107)
@R, (o)
+2-=0 n 12 ( E: )
4 PlCrtChCh) | phich ()"
-1 - Bt ) o ()
= arcsin ; (108)
2 2
1— \/1 — 4012 (522(2+)C;324n002)

M = arcsin p yEar=

-1
2

-1

| 4 Chalad)*? (ﬁ(;))" \/ ] — 4 Cha(Ghat iy Coz)‘
Az

N

X

(109)

AZ(25)1—1n 3

1+ \/1 _ 4Pt ChoCh) oy g Ol (“””?)n

(110)
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1.4.1.0) - (C3, + C3, — CE,) > 0:

In this case, the Riemann integral

z®(7)
de (111)
VER) " Cha? T + Ap(25)? a2 £ (CF + CF — Cg) (ag)"a? 5"
is unknown, and therefore no solution can be obtained for z°(7).
1.4.2 - Cfy = (Ch + CF, — Cfy) (wg)™™
n n A 5\2n—2
()" F )™ (r+ A+ () "= 22 o (g

2
012

2) n=0:

29(7) = exp {iﬁ (Cy + T — CBy) (w32 & Chy(af)n=2 + Ay (r + A1>} ()

424 Class (IV)

One gets:

Fy v((p, Ag) =
= {£[C2 + CF — O & Ay(ad)*P]C7 £ (ad)P O 7 (114)

From the results obtained for Class II, we can write the geodesic solution for Class IV as
(1) =Cu+Cupr, p=0,1,2; (115)
.1'3(7') = 031 + CgQ/dT (.’113'5(7'))717, (116)
with z°(7) given by:

1) p#0:
1.1) C7, + C3y — Cfy £ Ag(2)*> P # 0, Csy # 0:

5\p2
5 _ (xo) C3
wir) = {0%2 +Ch - Cgy % A(af)>r
2 112 2 2 5\2—p12 1/p
p? [Ciy + O3 — Chy £ As(23)*77) 2
A =1 : 11
4(1'8)20{32 (T + 1) ) ( 7)

1.2) C7, + C3y — Cfy £ Ay(2)* P =0, Csy # 0:

£(r) = [ip\/ﬂxa)p%(xa)pf (rt Al)] v (118)
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1.3) Cy + C3y — Cfy £ Ay(2)* P # 0, C3y = 0:

2/p
2 2 _ 2 5)\2— p—2
() = g [HORE B B M T st ) g
2)p=0
2(7) = exp |£p(ad) "% (7 + A1) x
<\ + O = Gy Al + a3l (120)
4.2.,5 Class (V)
One has
Fey(Gp, Az) =
= {£(20) P[CF, + O3y — CRl¢ P + Ap(ag) PCHT £ (25)"C,¢ P}
(121)
The solution writes
(1) =Cpu + O,Q/dr (2°(m)", p=0,1,2; (122)
23(17) = C31 + Csy / dr (1'5(7'))717, (123)

with z°(7) given by:
1) p#0:
1.1) C%, + C3, — C3, = 0:
1.1.1 - 032 7é 0, AQ # 0:

1-p
e C P 2
0= 7+ F () T Q)T )
pAgy

e ( ra- () )

Og
[ 5)1+p 5 P
0 fc (57)) +1
032 Lo o

(2 51| 1) (2] & —1]-3) (2] & 1] -5)... (2| & 1| -2k+1)
T (gt ) (] -2)- | [ (T

32 o

p
1+ \/if"‘z(%)”” (—””5(9) +1
( %—1| )!! 1 C3, o

n +

+
2‘217 |(|7_1‘ 1) 1— \/iAz(gz)”p <z5(T)>p+1

32 o

oy
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or

x2(—1)% ' (1 - \/iAQ(gO)Hp (i(g))p + 1) X

Az ( <r>>‘°+1 '

5
C132

)

1 X

—1

2p
ey Gl el )Gl )

1 1 1 Ag(@d)1HP (45 (1) p‘TP_ll_k
(| 5=1]-1) (|1 -2)-- (| -1]-#) [ 250 (£ )

€3 x4

NE " G2 A%

2 -1

£ 2P (260 ’
o (aB)1+P <x5(7.)>p > (1 1) &)
4; =z A\ = =
+2i0r <i o, =) 0t e (ﬁ(ﬂ)p
32

Ag(a)1FP (550 \
+ 0 1 sl
+90 (L + 2m+1> \/ C3o ( 3 ) + |::FA2(x8)1+p (15(7)>P:| +3 o

2 cs,
} -

5
Zo

X

9 (1m—1)(m—2)...(m—k) M@ (3 \P\F
1+sz32m5) 2m2k1)(:|:26%2 < 5))

B

Ofﬂ

m\»—‘ v

+0(p) (£ 24 (29

% [:I:Ag(czlﬂa < 5(r )p] y

on (b () (5 1) 2 () )
A ( )@< ngin < ) )

M‘H 8

OU‘

N[ =

e

$5 1+p 1,5 T p 1/2]9 A 135 1+p £E5 T p
2p [iAQ(c—%Z ( a:(g)) ] 21 (%&p;%p + 15— ( (5)> >+

X < L

1
-~ 1 1 2 (x5)l+p 275(7') p 5_5
O (5-1) & (= (58

-1\ T
1 1 1). 13\ (A (So)P)
\ ><2Fl(§a_(2_p_§)’_(2_10_§>’(:F 20%2 <fc ))

ooy
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or
( 5\14+p /.5 p1/2p
o [iAQ(wg) (x (;)) ] y
C3 Lo
Ap @) (5()\P
< (b g g+ 1FE T (7))
~ A
+06 (ic—;) or +
32 11
oL 1Y 2 [ A (S50\E
2p 2)1—p C§2 1:8
) ) Ang)HP 251\ P -1
<ori (- (1) (- (e (39)))
A A2(:v8)1+p $5(7') g 1 1
Ao (25)1FP 5 p 3
X arcsin | —4 [ =% 2(2;;2) (xa:(g)> +1
or
1 Aa(a) 7 (7)Y
20 ——1 + 153:
" (zp )\/ cz, a5 )
or
1+p 1 3
in (£ ( % ) s (—-a)x
Ag( 1+p 1+p
1
{\/ - 03?2 c%:z e
@) (20
+ arcsin —\/ + 2, P +1 ;
or

o (yAala) (25 S
iZZ@R(i c2, . +1)6 2—p—m—§ X

A ) PR

N e
2, ~

m—1
2m+1)(2m 1 2m 2k2+1) A (x5)1+10 JJ5(T) p\ m—k—1
+ s (P (5)) *

k=1
e (2
32 0

(2m+1)!! .
- m arcsin




Electronic Journal of Theoretical Physics 7, No. 23 (2010) 281-354 311

or
L A (25)1+P 5 p 1
+2(—1)% 'Oy (—I_— 2(22) <xx(57)) + 1) 5 (2—p —m— 1) x
. A 5 [1)+p 5 p %
(o)) [ (Y
% Z 2p (_1)k C3y Lo .
o L 2k +1
(124)
1.1.2 - 032 = 0, AQ 7é 0:
1.1.2.1 -p# 1:
2 2
2°(1) = {i—l — p\/Ag (1+ Al)} ; (125)
1.1.22-p=1:
ZC5(7') = exp |::|:\/A2 (T+ Al)] : (126)
1.1.5- 032 7& O, AQ =0:
102
5 32
37(7'): Z:C—g(T"—Al)
1.2) Ay = 0:
1.2.1 - C33 # 0, C%, + C3, — CZ, # 0:
JERN
0=7+A F (af) 7 {@@) x
( 1 P
~ 905"(‘1'))7717(;1%)j F(—%-{-l) ~
e <_L 1) ( p [@ C2 C2, — (2
o ) o ) | (01RO Ca)t
~ ~ 02
U 4B - - 03B () — (@) [T )] ¥
X 3Fy (l - Lyl L, —-L41,-L4d i <z5(7)>2p) X
\ 27 4p 27 4y T 4p ’dp 27 082*0%2*0222 xg
or
~ o5(7) (3 -k 1
8(Ch+Ch - ) V2 (111 x
X
2 o2 o2 5\ 2P
<aFs (b i + b+ 1 B (20)”) x
e (25)"
N\ ) pEChL s —Chy)
p (Chh + C3, — C)
( 3\
6 (Cy + Chy — Oy axcsinh [/ BTt (201 4
32 0
X +6 (C8 — CFy — C3,) X +

x In {(:C5(T))p

%, 2 )7
1+ 1+ 0122‘*'0222_032 (955(7))
Y,

\
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or
1
X0 (— —m — 1> X
2p
( o | ()73,
(@*)" + e rezcg;
p\/ﬂ: xo 0122 + C'222 Coz)
p/2
5 . 5 “(%)
) ( xQ (z°(7); Cog, Cha, Caa, Cs2, p, ) + oy E(C2,+C3—CRy) x \
C2,+02,—C2, (25(r)\P
6 (Ch, + (3, — iy axcsinh [ [ Bt (20)"] 4
X < +@ (082 - 0122 - 0222) X +
5 P Cc2 z2 2p
<In {<x O (141 + i () ] }

\ \ V,
+ {2@) (C2 +C2, — C2) +

N R 2
+0(C3 —-C% —-C2%)6 x5(7)p— 22)° 32 X

( 02 12 22) ( ) ( 0) 2, —C2, — (2,
(«%(7))2 7 (a§)?
2p%\/ £ (CE, + C3, — C3,)
e 25(r)\ 2P
X 3k (%7—$+ é, 4p + 1 —_+1 - +%7032_c%2—c§2 ( 3 ) )’
or

X

03?2 958 i
—1
45 <i + m) B C'122 + 0222 - 032 <x5<7))

2
P p\/ﬂ: 370 0122 + 022 ng)

~ 5 5 )\(Ig)p/2
X xr\T 7 C ) C ) C ? C 140 X -
Q (2°(7); Coz, Cr2, Caa, Cs2, p, ) py/£(C+C3,—C3,)

R 02 —|—C2 _CQ
8(Ch+Ch - CB) (@ W\/ LR

02 x5 2p
x arcsin h 32 ( 0 > +
(\/0122 +C3, — Cip \2°(7)

o) 2 2 2 C3,—C1—C3,
© (C, — Cfy — C%) cz, X

X arcsin | 4/ O a ” 7
Cg,—C7,—C3, \ 2°(7)

(127)
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where 3Fy is the generalized hypergeometric function of class (3,2)

sha(a, B,7;0,652) = Z—(OC)%)(ﬁzz)(fy)kz_ (128)

B(z,y) is the Euler beta function (or Euler integral of first kind), defined by
1
B(z,y) = / 1 (1 —t)Y""dt, Re(x)>0 , Re(y)>0 (129)
0

and we put

@ (m5(7); Coz, C12, Ca2, C32, p, xg)

1
1 2p 1
_ 5+ 5 +(n+1)
=0y (PE)TT Yy )T
n=2
g 1 :_2p(0122+0222—032)_
— -1 — 2 9
o (25)” C3,
1
41 __p1 =" 4- L __pt1s
2p 9 1 2p
3 Ch (5 +n)
n=2.., o :
A= —q. (130)

1C3
50\ _ 432
x’(7) 1

(7+ A1) (131)

1.2.3 - 032 = 0, 0122 + 0222 - 0022 7& 0:

1
1.25.0-p#3;
5 1 5\ — 52 %
20 = £ (-p+3) VECR TR @) F rra| T am
1
5 5y — 1522
2°(T) = exp [:I:\/:I: (CL+C3—C%) (z3) % (t+ Al)} . (133)

13) 032 =0:
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1.8.1 - Ay #0, C% + C3 2, #0:
5 _14p 5\ 14+2p i_%
= NG As (3)
pv A2 (Ch + C% 02)
_ 1 1\ ~ [+(Ci+C% —C2 b P
X{2(—1)(21p 3)5< —|—m——) Op { (Ci +1+22 02) <95 (57)) —l—l] y
2p 2 () " Ay xp
( r -
£ (Ch, + C% — C) ($5(7))p 1
5\1+p 5
() " Az Lo "
1
2| — — §‘ —1
2p 2
1 _3|_1
. (el (1330 Clg-31-5) (el 3l-2e+)
1
k=1 (02,402, _C i |45 ] -+
2k<|;p—3\—1><\zz—zr—zy--(rz;—zr—k)[ B () }
+(c2,+c2,-c2 5(r
ol L _3|_3)n 1+ ((125)1i2pA 02)( 596((5))) +1
+ ( |2p 2| ) In 0 2 +
o R M ECEC A TEN
i (=8) a2\ |
X or
~ 2 2 _ (12 P
<6 (1 - \/ i((zj;fii;”) (22)" + 1) x
0
£(Ch +C% = Cf) (2°(1))"
5\1+p 5 + 1
(z5) " Az Zo
X
1 3
2|— — —‘ -1
2p 2
1 _3|_1
. X’?pkzi' (st Cm el Gt
= +C e z° (T P
() -0 o310 [ (2o
1 _3|_3)n 2 2 _ 2 P
+ LE2§|2f71 2 3) CLTCtgh [\/i(clzj?ii C'oz) (xi(;‘)) +1| +
ol %3] (|&-2]-1) (23) " A, 0
\ L p 2

~

2
022

(T

Or

424 <i + m)
2p

li (C%, +
(x5) 17 Ay

— ) ($5

5

IRk

1
_m_|_§

i(c%2+C§2—C§2) (925(T)>p+1
T 5
% (28) a, o :F(0122+C§2—C§2) z°(7)
(2m—1) (x%)lﬂ)Az 3

(m— 1)(m 2).

~(m—k)

+ (O%2+C§2 *C(%z)

)

)(2m—5)...(2m—2k—

|

) (23) "7 A2

()]
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1 L\ & [ £(C3+C3,-C3) (25(r)\?
2 l=—=—2)06 12 122 02 <:1: (T)) 1
(2p 2> R ( (xg) +pA2 x(s) + X

( 2 o2 _o2
1+ i<012+022 002) <z5(r))p+l

5 I+p 3:5
Y e e UL B
i(ClzJFsz*Coz) 5\’
N (@) A (=)
X or

o) i i(cf2+0222_cg2> <x5(-r)>p
© (1 \/ (8) " w ) )X
2 2 2 5 p
Xarctgh |:\/:I:(C12+Cz2 Coz) (a: (57)) + 1| +
\

(5) A2\
1 1
P [ —
* (2p Z)X
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( @ i(C%z‘i'ng_ng) 25(r)\P 1 é 1 1
(z3) %A 5 ) )
0 2 .
+(c}y+03,-c3) (xsm)p 251
(18)1+pA2 zg
1 X
(3-1) )
1 1 o1 . jF(C%QJFng*CgQ) x(7) P\
X ol | g3, =9, + Li—5, + 2 ( (=) 4 e +
~ :|:(C2 +C2,—C2 ) 5(7’) P ~ :‘:(02 +C2 —C2 )
) 121C32—Ch (:e ) 116 121052 —Ca2
" ( (xg)HpAz g + Az
4 1 _
[i(012+052—032) (w5(7)>p:| e
T -5
(z8> +pA21 0 %
=-

1
3
o (L1 _1.1 +1_¢(c§2+c§2—032) (f%))p +
1| 35:— 3555 +3 F
2o T W YT ()T,

or
X 1
[i(clzfrc%z—%) <a:5(7')>p:| 2
o(1n LR )]
: » )
2p
-1
F(CE+C3,—C2 250r) \P
< o) (—— 15+ 2 ( Chechod) (<) ) ) ¥
\
—~ i(cQ +CQ —_C2 )
+@< i2 A222 02 ) «
. 11
i(Cf2+C§27C82) <$5(T)>p w2
(s8) "2\ %
X

P
cohi (B — b+ 3y TR ()Y |
1+
27 2p 27 2p 27 (18) pA2
or
L1
i(0122+0222_032) <x5(7))p:| 2

(s8) 42\ 79

6(L 1 {
(2p ) (2%_1>

—1
1 . $(Cf2+C§2_Cg2) (xs(T))p
e ( (25)" " 42 73 +

X

1 Py i(0122 +0222 - 032) ($5(7)>p )
200l — =110 +1) x
i (%) ) R( ()7 4, 23
\/i<c%2+0§2—032> (xf’(;))pﬂ }

X 21 arcsin
14+p
(25)" Ay T
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1 P + (0122 + 0222 - 032) 355(7') ?
:F2(5 (2_p 1) @R ( (m8)1+p A2 [L‘g +1) x

[ (Ct, + CF — Cfy) (xS(T))p
(z3)"*7 A, 0
1 5~ (£(C}+C5 —Cf,) (935(7))p )
20 — —110O +1) x
" <2p ) i ( (23)7 4, ;

) \/:I: Gt -G (Y
o5 (i B 1) 5. (i(sz +C3, = Cih) (‘”5(57))p+ 1) y

X 27 arcsin

X 21 arcsin

(x8)1+p A2 5
2p (JIS)HP Ay Lo

g
| E(CR +CF - CF) (335(7))10 1
(x3)"" Ay 5

X 217 arcsin

1 a + (0122 + 0222 - 032) xB(T) g
w2 (5, 1) o (F i) )

~ \/i (C3+C% - C3) (xf’m)p
19§ (i o §> + (0122 +1€222 - 082) (ms(;'))p F1Y
2p 2 () " Ay )

X 217 arcsin

(a§)"" A 5

or

or

R 2 2 2 5 P
—ib (Zi _ 2) 6 (i (012 + O3 002) (x (T)> 4 1) %
P

()7 Ay 4
F(C2,+02,~C3,) <x5(7)>p +(C3,+03,-C3,) <z5(7—)>p
X{\/ Gl W e v i

_\/i<c%2+c§2—ogz> (Z0Y 4 }}

(23)"P A, T

+ arcsin




318 Electronic Journal of Theoretical Physics 7, No. 23 (2010) 281-354

or

; 1 a j[(0122+0222*C§2) 25(r) \P
¥(Cﬁ*<3zC%a)(xE@o)P[i(C%2+CéC%z)(x5@o)p+{

@) ) | )

o

X

(2m+1)
X {{i C(122+0222 052) ($5(7))p}m+
xO 1+P A2 l’g

m—1 2 2 2 m—k—1
+ (2m+1)(2m—1)...(2m—2k+1) |::F(C12+C22_Co2) <.Z‘5(T) p:| +

’H‘lm(m 1)(m—2)...(m—k) (wg)lﬂ’A2

k=0

__@miDlt o ain | — (01, +C3,-C3,) <x5(7))p+1
27+ (m+1)! (25)" 7" 42 g

or

e 3\ 5. ( £(Ct+C5-C3) <aé<7>)p
25(219 " 2)93( @ =) T

2k+1
2

+ (sz +C3, _032) 22 (17)\?
(w5) " 42 (=) =

Zo
(2k+1)

X (—nk[

(134)

1.32.1-p#1:

2(7) = {i%@(m@] " (135)

5(7) = exp [:I:\/A_Q(T+A1)]. (136)

1.8.3.1-p# L
1 142p ﬁ
(1) = [:I: (—p + 5) \/:I: (C%,+ C3, — C) (:1: ) 2 (t+ Al)} ) (137)
1.3.3.2-p=3
_1+2p
x5(7) = exp {i\/:t (C%,+ C3, — C%) (aig) 2 (14 Al)} ) (138)

]_4) 032, Ag, 0122 + 0222 - 032 7£ 0:
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319

1 1
1.4.1 -1 ——1 Ne—sp= —— N:
4 (2p >€ P= mrn "

arcsin

V—ac ac ’

_(C)( ac) b 25(x5(7))p+1
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where
Q(z°(7);a,b,¢c,p) =
bN(5-2) (5, \\(3-20) p\ (2 5.1\ (3-3p)
= Q%q a (x (T)) +q211773 a (37 (7)) +
1
b7
b\ (F5-—n-2 1 _(n42
+ZQ%7TL72 (a><2 ) (2 T))(2 o )p)7
n=2
b2
qzi72 = )
1
— -1
ac ( N )
1 3
b — — =
(219 2)
q2i—3 - 1 1 1 2 )
ac o o
1 1 1
2
q%—n—Z = - 1 )
ac <— —1- n)
2p
1
=2 ... —
n ) ) 2p )
with

a=+ (:cg)pC’gz;
b= A, (xg)Hp;
=% ()" (C,+Cs — C5,) - (141)
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321

1
142-p=3:

with a, b, ¢ given by Eq.(141).
145 -4 129 3
2p

. 21/8 ((23(r) ™ + (@3(7)) " + §)+ B
46 (1 _ %) +29 (2°(7)) "+ 1

b 25())°
= arctgh 2, (7))
2\/;‘§<x5(f)>2p+§(aﬁ(r>>”+1

(142)

(143)

(144)
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where

-1
2p
b\ (5+n+1 +(n+1
a2 e
n=2
q-1_1 = —2p;
_ 2p(1+p)
w142
( 2p n+%>q Lontz(mapn—1)a L ont1
q_1_, 1= n )
1
n= 27 7_2_ - 4
P
1 ac (145)
K=—=0o—
2(10 bQQb

and a, b, ¢ are given by Eq.(141).

2) p=0:
() = (7 + A1)2 [Agz) (i§25+ C%,+ C3, — 032)]. (146)
)

4.2.6 Class (VI)
One has

Fyvi((q,As) =

= {3+ O3y + Oy & AP 1)C 7 F (a3)1C3,¢ 1) 72 (147)
The solution writes
2°(7) = Cyy + Coe / dr ($5(T))7q; (148)
7(7) = Ciy + Cior, i =1,2,3, (149)
with z5(7) given by:
1) ¢ #0:
1.1) CF, + C3, + CF & As(23)*7¢ # 0, Co # 0:
5\d 12
5 _ ) (25)" Coo
0=~ s e
2 (12 2 2 5\2—q)2 7
« |1 (012+022+02321A2($0) ) (T+A1)2—1 : (150)
4 (-’Eg) 032
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1.2) CF, 4 C3, + C3, + Ay(25)* 9 = 0, Cop # 0
2(0) = a7 @) G (o) 7 4 a0 (151)
13) 0122 + 0222 -+ 0-3?2 + Az(xg)Q_q 7£ O, 002 =0:
3(r) = | P (2 )| (152)
2) ¢=0:
2’ (1) =
= exp [j:\/i (C%, + O3, + C2, + Ay (x])21 — (23)? CZy) (atg)% (1 + Ay) (153)
4.2.7 Class (VII)
One has
Fivir(Gq, As) =
= {(a)) UCh + O + CRIC T ()IC3C + Aaf)P0) E. (154)
The solution reads
2(7) = Con + o [ dr (2°(7)) (155)
' (1) = Cy + Cig/dT (z°(m))?, i=1,2,3, (156)
with z5(7) given by:
1) g #0:
1.1) C4 + C4, + C2, = 0:
1.1.1 - COQ 7é 0, AQ ?é 0:
Aad)ts (7))’
242 1
i \/ o, ) T
C /:i:l A 5\2+q 5 q
:F{1+exp {:F(T+A1)q 025 }} 2(x3) <x (;—)) = 0; (157)
Lo Co T
or
02 QC(]Q +1
5 _a 02 2 A) /=Y " 1\ 1
RO e o N
1.1.2 - 002 = O, A2 7& 0:
() = [Fav/Az (r + Ay (159)
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1.1.8 - 002 7é 0, A2 =0:
5 o C'02 .
(1) = exp |£EVFL— (T + A1) | ;

1.2) Ay =0:
1.2.1 - 002 7é 0, 0122 + 0222 + 0322 7é 0:

1
q

1"5(7') - {:Fq\/i (Ct, + C35 + C??z)(x?))_l_q (7 + Al)} ;

13) COQ =0:
1.8.1 - Ay #0, CL + C3, + C2, £ 0:

Q=

Ap(af)

(29)¥2 (1 + A1)2 F (C + C% + C3,)

2
q

P(7) = [F3V A+ A)]

1.3.3-Ay=0,C%+ C3,+ C3, = 0:

1
q

2(r) = [*W £ (O + C + O () 7 (r + Al>] ;

14) 002, AQ, 0122 + 0222 + 0332 7£ 0:

2+q 1 ~ 1
o= as® Lo (-1),

arcsin h a =

(160)

(161)

(162)

(163)

(164)
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q\l/_ <a0_i) g

2+
X In a b )
— (5 q
— (2%(7))
or
( ~ 242 (23(r))" )
1—
@< 24/ €(25()) 2+ L (25 (1)) +1 %
~ 2+2(x 5(7))
X0 (1 Mo e
T (’T)) 1 dac
X tgh s Inj——1
[arc g (2\/3<x5< it O > NN H
X Y g( )(1
=9 (1 2 /E@ @) L@ ()
X@ 1 g( T)>q X
2/ £ (25 (7)) 7+L (25 (7)) T+1
1 2+2(a5(r)) +24/2 z5<f>>2q+ (25 (r)"+1 L. |4ac
| 2 “In|— —1
\ x {2 t —(242(@5 (7)) 42/ £ (@5 (7)) 27+ L (25 (7)) 41 * 2 b? )
(165)
where
0 = (i)'
b= A2 ( )2+q7
c==% ( 0) (0122 + C(222 + 0322) ) (166)
2) ¢ =0:

2°(7)

P [W 1 (23) 71 (C2 + C2 + C3) + An(ad)21 F (25) CZ (23) 7 (r+ Ay)| . (167)
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4.2.8 Class (VIII)

One has
Fivin(GA) = {£[CF, + O3 + C3 — Chy £ Ag(a) "] }_% (2. (168)
The solution writes
a(1) = Oy + Cpz (T +x) = Coa + Coo7 , = 0,1,2,3, (169)

where the x,’s are integration constant, and @u = Cu1 + Claxu, 2°(7) being given by

2°(1) =
rj—Q

r+A)| . @m0

N3

~ [£r+ 2 Eich+ G+~ Gy e ] (o)

4.2.9 Class (IX)

One gets

Fi,[X(C? n, Az) =

1
= {j: [0122 +05h —Cp A2($8)2_n} ¢t (Ig)n0222(2_2n} :. (171)
The solution writes
2(1) = Oy + Cor . =0, 1,3, (172)
2%(1) = Co1 + CQQ/dT (2(m) ™", (173)
with z°(7) given by:
1) n#0:
1.1) Cf, + C??z - ng + A2($8)2_n # 0, Cy # 0:
2’ (1) =
(@3)" S, w2 (ChHChy-CRE e ™) o e
= 5, (LA 1523, (T4 A1) =1 ; (174)
12) 0122 + C§2 — 082 + A2($8)2_n = 0, 022 7é 0:
(1) = [EnCopV/EL (2" (7 + A)] " (175)
1.3) CF, + C3, — Cfy + Ag(25)* ™™ # 0, Cap = 0:
n . 2/n
20 =[5 E (O Ch— G Al ) )] 5 (7o)

2) n=0:
2’ (1) =

= exp [W £ (O + O — & Ag(a)> + (a3)nC)(a5) "7 (7 + Al)] . am
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4.2.10 Class (X)

One gets

Fﬂi,X(C; n,p,q, AQ) =

= (2 {F [(20)Ch — (0)" CRl ™™ — (w0)2C5y — (a0) 2 C3] + Ap(2g) "} 2. (178)
The solution reads
(1) =Cha + C,ﬂ/dr (%)™ , p=0,1,2,3 (ESC off), (179)
with z°(7) given by:
T+ Al =
— :i:(xo) (”+p+q +nq+n2+q / \/ cKyaK(n 0,q) ) (180)
K=0,1,2,3,5
2 n n n2 2
where y = (2° (T))Qp B , and
Co = :F(x?))chw
¢ = H(2d)1Ch, i =1,2,3,
cs = Ay(ad), (181)
ao(np.q) = 2p% + 2np — 2nq — 2¢>
0N 2p(n+p+q)+ng+n?+ ¢’
on(n ) = 2p% 4+ +4pq + 4np + 2ng
R R R
an(n,p,q) = 2p% + 2pq — 2nqg — 2n?
A 2p0(n+p+q)+ng+n?+¢?’
Q3 = 07
2p% + 2np + 2pq
as(n,p,q) = (182)

20(n+p+q)+ng+n?+q*

The Riemann integral in Eq.(180) is unknown, and therefore not even an implicit solution
can be obtained for z°(7).

4.2.11 Class (XI)
The generating function is
Fexi(Gin, g, As) =
= G5 {F ()03, — () O™ — (5])" (Ch + Ch) ") + As(ad) 7} 2. (183)
The solution reads

2H(1) = Ca + Cug/dT (%)™ , p=0,1,2,3 (ESC off), (184)
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with 2°(7) given by:

_ 2(2n +q)
O=7+A F ()" / 185
! ( O) 5n? + 37’Lq + q CKyaK(n Q) ( )
K= o 1235
5n2+3ng+q?
where y = (z°(7))” 2**¢ , and
Co = :F(ng)quQ,
ci = H(2))1Ch, i =1,2,3,
cs = Ay(xd)", (186)
(n,q) 4n® — 2ng — 2¢®
ag(n,q) =
0l 4 5n? + 3nqg + ¢2
(n.q) 6n? + 6ng
ai(n,q) =
14 5n2 + 3ng + ¢2’
Oég(”, Q> = Oé3(ﬂ, Q) = 07
4n? + 2
y = e (187)

5n? + 3ng + ¢

The Riemann integral in Eq.(185) is unknown, and therefore not even an implicit solution
can be obtained for x°(7).

4.2.12 Class (XII)

One gets

F:E,Xll(g; n,p,q, A2) =
= & {F [(2])1CF — (a])"(Ch + CR)C" — (1)) Ch] + As(al) "} 2. (188)

The solution reads

zH(1) = Ca + Cug/dT (%)™ , p=0,1,2,3 (ESC off), (189)

with z°(7) given by:

d
0=r1+ Al T (x8>—r 2(n+p+q) Yy

p2+pg+2np+2ng+2n2+q? / \/ Z cKyaK("’P’q)a (190)
K

5 p2+pa+2np+2ng+2n’+q>
where y = (2°(7)) 2ntpta) , and

Co = :F(xg)qO§27
ci = +(x))1Ch, i =1,2,3,
cs = Ay(xd)", (191)
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—2pq + 2np + 2n? — 2¢®
p? + pq + 2np + 2ng + 2n? + ¢*’
041(77/, q) = Oég(n, CI) - Oa (192>
2np + 6ng + 4n?
P2+ pq + 2np + 2nq + 2n? + ¢*’
2np + 2nq + 2n?

ay = . 193
° T P2+ pg+ 2np + 2ng + 2n2 + ¢2 (193)

Oé()('n,, q) =

a3 (n> Q) =

As in the two previous cases, the Riemann integral in Eq.(189) is unknown, and therefore
not even an implicit solution can be obtained for z°(7).

5. Geodesic Motions for the 5-d. Metrics of Fundamental In-
teractions

5.1 Generating Function for Electromagnetic and Weak Metrics

The metrics for electromagnetic and weak interactions are characterized by the power

N\ 1/3
dependence (%) . Then, they can be obtained from the following classes of solutions
0

of the algebraic Einstein equations (38):

1 ~
1) Class II for m = -, characterized therefore by the coefficient set qrjine. =
(0,1/3,0,0,—5/3), int. = e.m., weak. One gets:

9AB,DR5,11,m=1 (955) =

1 5
29\ 3 2o\ 3
=di 1, — | — -1, -1+ — . 194

The geodesic generating function Fy (57) takes the form
*)-

C?’ i0122 (%)éc

Fyr (C m =

5
3

1
3
(w5)

ol
—
|
SIE

- {i [032 02— C ot Ay (x (195)

1
2) Class IV for p = 3 (drviine. = (0,0,0,1/3,-5/3)):

5 . 1'5 % Q?B _g
gAB7DR5,IV,p:é<x ) - dZCLg 17 ) _]-7 _]-7 - (_5) 5 + (_5) 5 (196)
Lo Lo

SEXeACHNS

Fyrv <C p= % Ay
- {:I: [0122 0% = C2 ok Ay (2 ] }5 . (197)
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1
3) Class IX for n = 3 (Arxint. = (0,0,1/3,0,—5/3)):

5 . ZE5 % :L‘5 _g
gAB,DRE),IX,n:%(x ) = d’LCLg 17 ) _17 - (_5) ) _17 ) + (_5) X (198)
LUO LEO

1
F:t,IX (C;n = —,A2> =

3
= {£[ch+h-Chta ()] Sk @) G} (199)

N|=

It is easily seen that, at level of both the metric structure gAB,DRg)(ZES) and of the
integrand function F.((;q, Asz), the following relations hold:

1)1 < 1V)|

_ 1
m=3 xl<—>x3(012<—>032) p=3

= X)), o 11)|

—1
Z‘2<—>m3(022<—>032) T3 zlex? (0129022)

4

1. (200)

m:3

This essentially means that (as it is also seen by the expressions of the coefficient sets)
the three cases are equivalent — apart from a ridenomination of the spatial axes — and
it is therefore possible to consider any of them without loss of generality.

The forms (195), (197), (199) of the generating function Fy ;,,; ((;q, A2) (int. = e.m.,
weak) for the three classes can be summarized as

N[

Pt (G Az, K ey Koot) = [ (e ine 8+ Ko CH)| 5, (201)

where the constants K 4 jnt, Ko are given by

5
Ky tim. = 0222 + 03?2 - 032 + Ay (Igmt) ’,
1
Koint. = Ot (70 401.) * 5 (202)
IV)|p:% .
5
Kyt i = 0122 + 0222 - 032 + Ay (xgmt) *,
KQ,int. = C§2 ($(5),mt_)§ ; (203)
IX) =2

wlo

K2,int. = 0222 (xg,int)g . (204)
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5.2  Generating Function for Strong and Gravitational Metrics

The metrics for strong and gravitational interactions are characterized by the power

dependence (;—2) , and can be therefore obtained from the following classes of solutions:
0
1) Class I for n =2 (p = 0) (Qrine. = (2,—1,2,0,1), int. = strong, grav.). One
gets:

9AB,DR5,I,n=2 (965) =

5\ 2 5\ — ol 5 2 5\ P 5\ Lot
(T ) () ()
QAB,DR5,I,n:2,p:0(x5) =
25\ 2 25\ 25\ 2 xd
(GG ) e

F:I:,I(C;n = 27p7 A?) =

p2—2p _ p2+dp+12

= {:I: (arg)_% C%QC_ Hp + (x8)2 (0222 o C§2>( Tie

p2+6p _pP2pid p240 —1/2
+ (xg)pC'§2C—2 4++6p+4 + A, (Ig) 4+p C_ I—%—p+4 :| , (207)
whence the following forms of the generating function:
Fii(¢Gn=2,p=04) =
—1 -1\ ._ 2 52
_ {:I:Cl?Q (3) " + <j:0§2 + Ay (2) ) ¢ (23) (L — O3, ¢ 3} P (208)
The last equation can be written as
Fi,[,mt.(C; Kl,i,int.a K2,i,mt., K3,i,mt.) =
_1
= [K1tint. + Ko ine. (' + Ky p e (0] 2, (209)
with
Ky int. = i0122 (xg)_l,
-1
K2,i,int. = iC§2 + A2 (358) )
2
Kt im. = £ (20)” (C3, — CF) - (210)

2) Class X for ¢ =2, n=p =0 (qx,int. = (2,0,0,0,0)):

. 2>\’
gAB,DRE),X,q:Q,n:p:O(wE)) = dzag <<F) ) _17 _17 _17 +1 ) (211)
0
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Fi,X(CSQ =2,n=p= 07142) =

—{F(Ch+Ch+Ch) + 7 (1) R} (212)

NI

3) Class XI for ¢ =2, n =0 (Qxrine. = (2,0,0,0,0)):

Lo

. AW
gAB,DR5,XI,q:2,n:0($5) = diag ((—5> ,—1,—1,—-1,%£1]; (213)

F:I:,X[(C; q = 2,7’L = O,AQ) =

— (£ (Ch+ R+ Ch) + A (2)" Coc 2} (214)

D=

4) Class XII for ¢ =2, n =0 (qxnt. = (2,0,0,0,0)):

. 25\ ?
gAB,DRs,XH,q=2,n=0(375) = diag ((—5) ,—1,—1, —1,i1> ; (215)

Lo

Fyxi1(¢;g=2,n=0,A45) =

—{E(Ch+ o+ Ch) + AT () o2} 7 (216)

N

The last three cases are perfectly equivalent at either level of the metric structure

gap.prs(z°) and of the generating function Fi((;q, As):
XI)|q:2,n:0 = X‘[[)|q:2,n:0 ' (217)

The function F.(¢) for all three cases can be therefore written in the compact form

X))

q=2,n=p=0 =

NG

Fiint (G K tint, Koine) = [i (Kl,:l:,int. + K2,mt.C_2)} IR (218)
where we put

Kl,:t,int. - (0122 + 0222 + C§2) + Ag,
2
K27z'nt. = - (l’g7int.) ng (219)

5.3 Geodesics for Electromagnetic and Weak Interactions

It is now possible, on account of the results of Subsect.4.1 and Subsect.5.1, to write the
explicit expressions of the geodesics in R5 corresponding to the electromagnetic and weak
metrics. Eq.(64) for the energy coordinate reads, in this case:

T+A1:

5
==+ ($g) 6 /dCFi,e.m.,weak(C; A27 Kl,i) KZ) 5 (220)
(=25()



Electronic Journal of Theoretical Physics 7, No. 23 (2010) 281-354 333

whence, from Eq.(201):

3
2
1 Kz, .
5 o 1,4,int. 2 2
I:l:,int.<7—) = j:KS ; 5 (7' -+ 2/427' + AQ) + K2,int. . (221)
; 3
1,4,int. | 36 (xO,int.)
This equation can be also put in the form
5 2 3
T4 int. (1) = £a1 4 int. (&z,i,mt.T + a34 int. T + M,i,mt.) ) (222)
with
1 K?. .
o . o 1,+,mt. |
A1 +int. = T3 o A2 tint. = —— 5
36 (00
2 2 2
- Kl,:l:,int.AQ , - Kl,:l:,mt.A2 K
a3 + int. — 77 Q4.+ int. = j + K2nt.
3 3
18 (Io,mt.) 36 (‘TO,int.)

(223)

As noted in Subsect.5.1, one can, without loss of generality, consider any of the three
classes (which only differ by the name of the spatial axes). Taking e.g. class I1, we get,
for the space-time coordinates of the geodesics (cfr. Eq.(63)):

P (1) = s+ Cpa [ dr (a3(7)) ™ =

= Cu1 + Ca (T + Xu) = Ca + Car,
C,ul = Cul + Cu?X,ua n= 07 27 3; (224)

Th i (1) = O+ ClQ/dT (z°(m) " = Cu + Cm/dT (z°(1)) * =

Wl

_1
3

2 3
=Cn + ClQ/dT [:l:al;t,int. (CLQ,i,mt.T + a3+ int. T + a4,:|:,int.) } =

)
_1 2
Ci1 + Cia (£a1 4 int.) 3 ——=—==4arcty (

209 + int. T + A3 + int.
)
| Ay

VIAL]

Ai<07

11 209 4+ int. T + a3 4 int. — VAx
Ci + Cia (£ag +4n ———arct — — ,
- H 12 (F015nt.) VAL g (2a2,i,mt.7' + a3+ ine. + VAL

wl=

(225)
Aq >0,

2

b
209+ int. T + A3 + int.

Wl

Ci+ Cia (£a1 4 int.)”

\
where we put

2
Ay = as 4 int. — 442 + int. Q4+ int.- (226)
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5.4 Geodesics for Strong and Gravitational Interactions

Analogously to what done in the previous section for the electromagnetic and the weak
interaction, one can exploit the results of Subect.4.1 and Subsect.5.2 in order to get the
expressions of the geodesics in Ry for particles subjected either to the strong force or to
the gravitational one. On account of the fact that the last three metrics discussed in
Subsect.5.2 are equivalent (they differ only for labelling of the spatial axes), it is possible
to consider only two cases (and the related subcases).

5.4.1 Case 1) (Class I forn=2,p=0)

In this case the energy coordinate is determined by the equation (int. = strong, grav.)

T+A1:

==+ ('raint.)i5 /dgF:I:,I,int.(C; Kl,:ﬁ:,int.y KZ,:I:,int.7 K3,:|:,int.)

¢=x5(T)
_1
/dC [Kl,i,int. + Kos i (' + Kz,i,mt.cﬁ] ?

N|—=

=+ (#0m)

¢=a5(r)
(227)

(cfr. Egs.(64), (210)). Let us consider the following subcases:

1) = K?),:I:,int. =0:

i.]) - Kl,:l;int. =0, KQ,:I:Jnt. 7’é 0:

2
3

2
1) = [T Kz (7 + )] (229)

i.2) - Ki 1 int. 7 0, Ko 1 int. = O:

wi:,int. (7—) == \/ ‘Ig,int.KLi,int (7— + Al) ) (229)

i.3) - Kitint. # 0, Kot int. # 0: The function 23 ;,, (1) is determined implicitly
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by the equation

_1 x5 it (T Kot in
T+A1 ::t(xg’mt.) 2{ =+, t.( ) 1‘|‘ 2,4+, int. +

5

K1+ int. xo,mt.Kl,i,mt-

Ko+ int

1+ 1+ - ,E,int.
xO,int.Kl,:l:,z’nt.

K2,i,int.
L=y )1+
%,mt.KLi,int-

~ -~ Ko 4 int
+2@ <_K1,i,int.) e (1 — \/1 + = — X
xo . Ky 1
0,int.t}1,%,int.

N K2 +,int KZ +,int
x O |1+ ,/14+—=—"——]arctgh 14+ —— ;
( \/ 0 gt K1 kit 0 gt K1 4 it

ii) - Ky 1 ine. = 0:

_ KZ,:I:,int.
3/2
2K1,i,int.

C:) (Kl,i,int.) In

(230)

i0.1) - K1 4 int. # 0, K3 4 int. # 0: The Riemann integral at the right-hand side of
Eq.(227) is unknown in this case;

27,2) - Kl,i,mt. 7£ O, K3,i,mt. =0:

l?l:,int. (7—) == \/ Ig,int.KLi,int- (T + Al) ) (231)
4.3) - Ki 4 int. =0, K31 ins. 7 O

2
5

)
1) = [T Kz (74 )] (232)

iii) - Ky 4 ine = 0:

1.1) - Kot int. # 0, K34 int. # 0:

jii.1.1 - =2="" = (. The Riemann integral at the right-hand side of Eq.(227)
3,%,int.
is unknown;
K2,:|:,int. 5

ii.1.2 - < 0: The function 25 ,,, (1) = 2°(7) is determined implicitly by

K3,:|:,int.
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the equation

T—|—A1:

K int. X K. in 1
_ on mt :I:z 3,4, int. o _ Rosine. ' %
3K2 +int. K3 4 int. LY int. (1)

w\»-

K int.
> ( K2 :I: int. % i int. (T) \/E dt n
K3 +,int. \/(1 — t2) (2 — t2)
2 ,E,int. 3
+ \/ Kg +int, i Jint. (7—)) - m?t,inz‘/.(’]—) +
2 3,%,int. N 1 Ks + int.
VEssineg [ [ 2ekint )
3K2 +,int. ‘t:t,intA(T) KS,i,'int.
(
( Ko+ int. ) “i f\/l_ggi’mt‘(ﬂ@ dt n
9 K34 nt. ‘ VA —2)2—-)
K2,:t,int. 3
o \/_K (xg:,int.<7-)) - I?I:,int.(T) )
L 3,%,int.
(233)
or
( e
K int.
( K3+ int. > i I Zi,i;.“ﬁ\/f Rkt dt N
K3+ int. ‘ VA —2)2—)
X
KQ,:I:,int. 3
o \/_ K3:|:' ' (xg:,int.(T)) - xg:,int.(T) )
L L int.
(234)

14.2) - Koy int. 7 0, K34 int. = 0t

2
P 1) = [ Kz (7 + )] (235)

2123) - K2,:|:,int. - O, K3,:|:,int. 7& O:

)
P 1) = [T Kz (7 4+ )] (236)

iv) = Ky tint., Kot int., K34 ine. 7 0: The Riemann integral at the right-hand side of
Eq.(227) is unknown.

Wi

(Sl
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The space-time coordinates z# are obtained from Eq.(63) by substituting the expres-
sions (228)-(236) of z?

2+ (7) obtained in the various subcases.

5.4.2 Case 2) (Classes X)| = XI)| = XII)|,—3.—0)

q=2,n=p=0 q=2n=0 —

As stressed above, these three cases are equivalent. The fifth coordinate is determined
by the equation (int. = strong, grav.)

T+ A ==+ (:Caint,)_i /dCFi,,int.<C§ Ky 4 int., Ko int.) ' =

¢=a5(7)
1
==x /dC [+ K1 2 int. + Kot (2] 2 ; (237)
¢=a5(r)
whose explicit solution is
1
‘rft,int(’r) - \/:tK ] [K12,:t,int. (T + A1)2 + K?,mt.} (238)
1,£,int.

(we discarded the solution z% ;,, (7) < 0, on account of the physical meaning of the fifth
coordinate, energy, in DR5).
Solution (238) can be also written as

iliimt (7) = /X 2.int. T2 £ Qo b int. T + O34 it (239)

where we put

o1 tint. = Kitine; Qo tint. = 2A1 K1 1 int.;

K. int.
st int. = ALK 4 g, — o (240)

The space-time coordinates are obtained by replacing (239) in Eq.(63) and using the
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expressions (240) and (219) of the constants. One gets, for the time coordinate:

x(n)_t,mt.(T) =Con + COQ/dT (wS(T))iqo = Cp + 002/

-2

dr (z°(7)) " =

d
2001—1‘002/ T

2
T 4 it T £ Q2+ it T + Q3+ int.

)
2
Cor + Coo———arctg (

VIAL] VIAL]
Ai < 0,

1 200 4 jint. T £ Q2 4 int. —

2001 4 it T £ %,i,mt.)
)

VAL

Co1 + 002\/A_ In
p— i

2000 4 it T £ X2 4 i, +
Aq >0,

2
)
200 4 int. T £ Q2+ ine.

COI - CO2

A:I::07

where
Ay = a%,i,mt, F 40 4 int. O3 + int.-
Finally, the space coordinates read
xit,int.(T) - Cﬂ + CiQ/dT (.775(7'))_% =
=Cin+Cun(T+x:) = 51’1 + CiaT,
6'2'1 = Cin +Cixi, 1=1,2,3.

6. Gravitational Metric of the Einstein Type

Y

VAL

(241)

(242)

(243)

Let us consider the class VI of solutions of the vacuum Einstein equations in the Power

Ansatz, characterized by the coefficient set qy; = (¢,0,0,0,q —
the 5-d. metric

25\
gap.prsvi(a®) = diag (;) ,—1,—1,—1,j:(

0

and the function

Fi,VI(C?Q’A2) =

— {:I: [0122 +C2,+C2,+ A (xS)Q_q} C*UF CFy (3

2), to which correspond

i—;) q2> (244)

NI

)? gHQ}_ . (245)
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By putting ¢ = 1, these equations become

0

5 ) x 25\ 7
9AB,DR5,VI,g=1(2") = diag e -1,-1,-1,&+ (—5) ; (246)

Fivi(Gg=1,4:) = {£ [Ch 4+ Ch + Ch + Az ( F Chag} 2. (247)

Metric (244) has standard Minkowskian structure for the spatial part, whereas the time

5

metric coefficient is linear in the energy coordinate x°. Then, as far as the space-time

sector is concerned, it is similar to the 4-d. gravitational metric
2 20\ 5.9 2 2 2
ds" =1+ — | c"dt” —dz” — dy” — dz (248)
c

(with ¢ being the Newtonian gravitational potential), introduced by Einstein in order to
account for the slowing down of clocks in a (weak) gravitational field.
Let us derive the geodesic equations for such a metric. The function Fy y; can be

written as
_1
Fyvi(G K, Koy) = [+ (K1 + Ko 1)) 2 (249)
where
Ky = —Cgya;
Ky = C}+ Chy + C3, £ Ag. (250)

On account of the results of Sect.4.1, one gets therefore, for the fifth coordinate of
the geodesic equation:

K Ky A Ky A2
2+ 3 2441 Koxd

rir) =t g Tl R i (251)

or also
(1) = j:aliTQ tas T tas, (252)

where
ap+ = %’g ;o Gt = K;;ééh; ag.+ = KZ;SA% K. (253)
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The time coordinate is given by

{L‘O:t(T) = 001 + C()Q/dT (1'5(7-))*‘10 — 001 + CQQ/dT (l‘5<7'))71 =
d
=Co + 002/ . =

tay 4 72t as T+ as

(
2 +2a +.7 + a9 4
001 —|— COQ—CLTCtg ( L : ) 3

|AL] VIAL]

Ay <0,
:|:20J1,:|:T + a2 4+ — \/A:t
:|:2a17i7 + a2 + + 4/ Ai

1
. 001 + 002 \/A_ In
- +

Y

Ay >0,
2
Co1 — C
o1 0 +2a1 .7 tasy’
A:I: = 07
\
(254)
where
Ay =a5, Fdajaszs. (255)
Finally, the space coordinates read
xit,int.(T) = Cﬂ + CiQ/dT ($5<T>)_qi =
=Cin+Ci(T+x:) = Cin + Ciar,
Cin = Ca + Ciaxi, 1=1,2,3. (256)
The result obtained is therefore identical to that of classes X )2 n—p=0 = XI)| _y,_¢ =

XI11I)| for the strong and gravitational interactions (as expected on physical grounds).

q=2,n=0

7. Class VIII and the Heisenberg Time-Energy Uncertainty

As a final case we shall consider the solution of Eqs.(63), (64) for the class VIII of solutions
(avrrr = (0,0,0,0,7r) ). The corresponding metric is

4 >\"
9AB,DR5,VHI(335) = diag (1, —-1,-1,-1,& (F) ) ) (257)
0

whose four-dimensional space-time sector is a standard Minkowski space (which, as by
now familiar, represents, in the DSR framework, the electromagnetic interaction), whereas
the energy exponent is undetermined.

The generating function Fy vy reads

D=

Y
wls
I

Fivi(Gr, Ag) = {i [0122 +C3, + C5, — Cfy & Ay (378)4] }
_ Kuadh, (258)
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where we put

K= {2 |Ch+Ch+Ch-CheA (07|} 7. (259)
It is therefore easily got for the fifth coordinate

2

r+2 r T2
ZEi(T; r) = {j: Yo (;pg) 2 (1 + Al)} (260)
or 5 r+ 2 2
o (T;7r) = At (T + Ap)r+2 (261)
where )
5\5 | 72
Ay = i%] . (262)
1,

As to the space-time coordinates, they read (ESC off)

i (1) =Ch + C/ﬂ/dT (xS(T))iq# =

=Cu + Cu2 (T + xp) = Ca + Cpa,

1=0,1,2,3, Cu = Cu + CpaXy. (263)
Let us consider the expression (261) of the energy coordinate. Putting A; = 0 and

r = —4, one gets
2 (Tir =4) = —As (032, C%,,C3,,C3,, Ag, (aig) = —4) 71 (264)

where the parametric dependence of A; has been made explicit.
Taking
Ar = —hly, (265)
with A being the Planck constant, one obtains
25
2°(7) = iyt ™! = 7T= h <= ET1 = h. (266)
0
From Eq.(263) one gets

22(7) = ct(1) = Coy + Coam & 7(t) = Cioz (ct - 6’01> (267)

where t is the time coordinate. Therefore, by putting 501 =0, Cp2 = ¢,
Et=nh (268)

namely Eq.(261) takes a form which reminds the quantum-mechanical, Heisenberg uncer-
tainty relation for time and energy. Otherwise stated, we can say that the geodesics in a
five-dimensional space-time, endowed with the 5-d. metric (257) (with suitable values of
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the coefficient r and of the constants), embedding a standard four-dimensional Minkowski
space (i.e. whose 4-d slices at dz® = 0 coincide with M), correspond to trajectories (5-d.
world lines) of minimal time-energy uncertainty. This result seemingly indicates that the
five-dimensional scheme of DR5 may play a role toward understanding certain aspects of
quantum mechanics in purely classical (geometrical) terms. Similar conclusions on the
connection between Heisenberg’s principle and Kaluza-Klein theory can be drawn also in
the context of the Space-Time-Matter model [2-3].

8. Complete Solutions of Geodesic Equations for the 5-d. Met-
rics

We discussed in the previous Section the solutions of the geodesic equations for the four
phenomenological metrics of the fundamental interactions, obtained as special cases of
the classes of solutions of the vacuum Einstein equations in the Power Ansatz. However,
it is easily seen that they hold only for the energy ranges where the metrics are not
Minkowskian (namely below threshold for the electromagnetic and weak metrics, and
above threshold for the strong and gravitational ones). Moreover, in most cases the value
of the parameter r was fixed (as functions of the other coefficients q,, = 0,1,2,3) by
the structure of the Einstein equations. We want now to give the general solutions of the
geodesic equations for the four interactions, starting from the general form of the metrics
(8)-(11), obtained by the 5-d embedding of the 4-d. DSR phenomenological metrics in
the DR5 framework. As already stressed, such a procedure leaves undetermined the fifth
metric coefficient f(x®), and therefore yields r-parametrized metrics if the power forms
(15)-(17) are used.

The general expression of the geodesic generating function Fy((;q, As), which deter-
mines the geodesic motions in the Power Ansatz, is given by Eq.(57). On account of it,
and of the exponent sets ;. (int.=e.m.,weak,strong,grav.), Eqs.(35)-(37), one gets, in
correspondence to the 5-d. metrics of the four fundamental interactions in the Power
Ansatz:

. 5
Fi,e.m./weak(Cv T, A27 ajO,e.m./weak) =

= C% {A2 (xg,e.m./weak)_T + 032+

N

5

- [( ) ¢ PO e (2, 4 c§2>} ; (269)

5
Fi,strong(c; T, A27 mO,strong) =

= C% {A2 (mg,strong)iqq j: <0122 + 0222) +

£ [(23 o) ¢ 2P Brns) (2, _ 032)} ; (270)

N
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5
Fi,grcw.(c; r A27 ajO,grav.) =

= C% {(l‘agr(w.)ir A2 :I: (xagrcw.)? C_? (0122 + 0222) +

:ﬂ@wxﬂm“%wﬂ%—%ﬁ, 271

(272)

N

where the tilde and the question marks in Fy g4, ((;7, Ag,xag”w.) have the meaning
clarified in Subsubsect.2.2.2.

The solutions for the geodesic equations are still given by Eqs.(63), (64). Let us
distinguish the two cases of Minkowskian and non-Minkowskian behavior.

8.1 Minkowskian Behavior

This is the case of the electromagnetic and weak interactions above threshold, i.e. for
>, Jweak? and of the strong and gravitational interactions below threshold, i.e. for
2% <23 pomg a0d 2° < 2 . In these cases, the exponent sets of the metrics reduce to

ae.m./weak ($5 2 $87e,m,/weqk) = (07 07 07 O? T) 7 (273)
Ustrong (0 < 2° < 0 sppomg) = (0,(0,0),0,7); (274)
Eigrcw. (0 < 'TB S xg,grav.) = (07 (O? O) 707 T) . (275)

These coefficient sets are identical to that of Class VIII we already discussed in Sect.7.
The corresponding solution for the fifth coordinate is therefore

5 ;1 _
L1 int. (T7 L int.> rint) - |::i:

2K17j:72nt 0,int.
(276)
Ky = {£ [0+ Ch+ O~ Ch £ A (55,0) ™)} 7
(277)
whereas the space-time coordinates are given by (ESC off)
P (7) = G+ Coa [ dr (a7(7)) ™ =
= Ci1 + Cha (T + X)) = Chut + Clar,
1=0,1,2,3 Cu=Cu+Cuxu (278)

8.2 Non-Minkowskian Behavior

Let us consider separately the different cases.
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8.2.1 a) Electromagnetic and Weak Interactions under Threshold
a.l - :FCgZ + A2 (xg,e.m./weak>_ = 07 0122 + 0222 + C§2 7& 0:
a.1.1-3r+7#0:

:Ei:,e.m./weak. (T) =
6

3r+17 3r+1 3r+7

- |::|: 6 \/j: (0122 + 0222 + 0322) (:L‘g,e.m./weak) ¢ (T + Al):| ; (279)
7
A.2-r=—=:
a T 3

xi:,e.m./weak. (T) =
9 9 9 5 3r+1
= €Xp j:\/j: (012 + 022 + 032) (xO,e.m./weak) ¢ (T + Al) ) (280)

a.2 - FC2, + Ay ($8,e,m,/weak) #0, Chy +C3, + C3, = 0:

a.2.1-r# -2
mE:i:,e.m./weabk. (7_) =
r—+2 - r 2
a.2.2 -r= -2
xi:,e.m./weak.(T) =
= eXp j:\/:FOg? + AQ (xg,e.m./weak> (xg,e.m./weak) ? (T + Al) ) (282>
a.3 - :':CgQ + A2 <x8,e.m./weak)_ 7é 07 C'122 + C1222 + C??Z 7£ 0:
a.3.1-3r+7#0:
—33-‘—2
6 (xg,e‘m‘/weak
T+ Al =4 X
(3r+7) \/i (Ch + O3, + C3)
3r47
6
« —(Ch + 03, + C3,) / dt
- e
082 + A2 (xg,e.m./weak) e 41
(283)
where e
Gy Ay (o -1
Y02 2 xO,e.m./weak) 3r+7
t= (‘rft,e.m./weak. (7—)) ¢ ) (284)

1/3
<‘T8,e.m./weak> (0122 + 0222 + 03?2)
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345

7
a.3.2-r= —5'
xi:,e.m./weak. (1) =
Cly + C5 + G5,
—Cy £ A (xo e.m. /weak) B

1 ri1
X Sinh_ﬁ |::|:6 \/:t (0122 + C(222 + 03%2) (xg,e.m./weak) ¢ (T + Al):| :

X

_ .0
- xO,e.m./weak

8.2.2 b) Strong Interaction above Threshold
b 1 j: (0122 + 0222) + A2 (IO strong) - = O’ 032 - C’322 7é O:

b.1.1 - r # —4:

2

r+4 r+2 e
Gens(1) = | £ (0 A1) () T VF = )|

x:l:,strong

b.1.2 - r = —4:
r+2

xi,strong<7—> = €Xp [:i: (T + Al) (mg,strong) ? + <0022 - C(322):| )

b.2 - + (0122 + 0222) + A2 (‘TO strong) - % 07 C'022 - C’322 =0:

b.2.1 -1 # —2:
xi,strong(T) =

2

(7 + Al)] - ;

N3

T4 2 -
= |:j: 2 \/:l: (0122 + 0222) + A2 (‘Tg,strong) (mg,strong)

b.2.2 -r=—2:
xszt,strong(T) =

= exXp |ft \/:l: (0122 + 0222) + A2 (mg,strong)_r (mg,strong)

N3

(T + Al)] ;

b.3 - + (012 + 022) + Ap (xo stmng) - # 0, C'022 - C'322 #0:

b.8.1 -1 # —d

2[F (C2, — C3)] 7

dt
T—f-Al::i: - / s
o Vi

(T + 4) [ (0122 + C1222) + A2 ($0 strong)_r]

where
_ r+4

2 2 A T 4 4
i LA 22(% Str;ng> ] (4% strong (1) = 5
(xO,strong) (:FCOQ :l: C32>

t =

(285)

(286)

(287)

(288)

(289)

(290)

(291)

(292)
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b.3.2 - r = —4:

—Cg, + C3,

5 5

x (1) =2 X

+,strong 0,strong 2 2 5 —r
\/012 + 022 + . 12 (xO,strong)

iQ
x sinh ™ [i, [T (C8, — C) (20 strong) © (T+ A1)]. (293)

8.2.3 c¢) Gravitational Interaction above Threshold

I)?7=0:

C.I.]_ - j: (C%Q + 0222) + A2 (.’,Egyg,,,a,u)ir - O, 032 - 0332 7£ O:

cl1.1-r+#—4
+4 =
r 2 "
xivgmv(ﬂ = {:I: 5 (T + A1) (:Ug,gmv) 2 0\/F(CE — 0322)} : (294)
cl.1.2 - r=—4:
iQ
a1 = 050 [ £+ A1) () = T (- C)| (295)

cl.2 - +(C% +C3) + Ay (l’g,gmw)_r #0,C8 — C3 = 0:

cl.2.1-r# -2
T2 gran(T) = 2
= {ir ; VECh+ )+ A2 (Thgrar) (hgrar)? (7 + Aﬁ} T )
cl22-r=-2

x?l:,grav (7—) =

= exp |:j: \/:l: (0122 + C(222) + A2 (mg,grm})ir (x?),grafu)

[l

(1 + Al)} : (297)

cl2 -+ (0122 + 0222) + A2 (l’g,gr(w)ir 7& O’ 032 o 0322 7& 0:

cl.2.1-r+# —4

2[F (C2, — C3,)] * dt
T"‘Al — :i: [:F (COQ 032)] — / — (298)
t

(r+4) [:l: (C%, + C3,) + Ay ($87grav)7r:| N it
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r+4

where
+(C%,4+C2,)+ A R r
(o | ) ] (7% ) (209)
(xO,grav) (FCG £+ C3)
c.l1.2.2 -r=—4:
2 2
xi,grav (T) = Ig,grav 9 002 - 032 —r
Chy + 03+ Ay (:’70 gmv)
x sinh ™! {i T (CE — C%) (20 grao) N (T + Al)} : (300)
I1) 7 =2
—r 2
c.IL.1 - A2 (‘TO grav) = 07 + (xg,gra'u) (032 - C'122 - C'222 - C§2) % 0:
cll.1.1-r+# —4:
x?l:,grav(T) =
2
r+4 r+2 5 r+4
= |£ (T + Al) (xg,grav) ’ \/q: (:Ug,grav) (CgQ - 0122 - 0222 - C??2)| ) (301)
cll.1.2 -r=—4:
5 5 % 2 2
xi,grav (T> = €Xp + (T + Al) (‘CCO,grav) + (002 - CYSZ) ) (302)
—r 2
c.IL.2 - A2 (330 grav) % 07 + (xg,grav) (032 - C1122 - C(222 - C??Z) =
cll.2.1 -r+# =2
+2 -
r —r T r
o) =[5 2 a () )a0| 5 (a03)
cI.2.2 -r=—-2:
L oran(7) = A (@ )" (gr)* (74 A1) | (304
L1 grav\T eXp 2 \ Lo, grav Lo, grav T 11>

[\el}

c.II.3 - AZ (‘TO grav) - 7é 07 + ($8,grav) (032 - C(122 - 0222 - C322> 7& 0
cIl.3.1-r+# —4:

T"—Al:
2 X

)
(r+ )V F (2500) (Cl — CF — €3, — C3))

r+4
Ct, — C3, — C3) / dt

Vi 41

[l

== (xg,grav) -

+ ('TO g’mw) (CgQ
A2 (x() grav) -

(305)
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where

A - r+4
- o) |z ) e
+ (550 gmv) (C§, — Ch, — C3, — C3,)

c.11.3.2 - r = —4:

+ (‘rO grav) (C 0122 - C'222 - CZ%Q)
A2 (1'0 grav)_r

- 2 2 5
X sinh { \/:F -770 grav C§, — Ch, — C3, — C3,) (xo,grav)

xi,grm} (T> =

[SIh}

(T4 A1)| . (307)

Let us stress that, in both special cases ? = 0, 2, the treatment is quite analogous to those
of the strong interaction above energy threshold.

9. Conclusions

It must be by now clear, from the examples discussed in the previous Sections, that the
explicit form of the geodesics in R5 (namely, its dynamics) strictly depends on the sets
of metric exponents Q. (Eqgs.(18)-(20)), which determine x#(7) through the knowledge
of the generating function F.((;q, As).

But — as is easily seen from their expressions — the exponent sets q;,;. are discon-
tinuous at the threshold energy g ,,, :

iiIT%+ ﬁlnt($5)7é hm aint,(x5), (308)

5 s s
T mO,inti m mO int.

namely, for a given interaction, different sets are obtained in the two different energy
ranges (below and above threshold). This entails among the others that, as done in
Subsect.2.2.2, it is necessary to use the right and left specifications of the Heaviside
function in order to write Q;,;. in the compact form (35)-(37), valid on the whole energy
range. In turn, such a discontinuity in Qne, at 3, causes an analogous behavior in
the geodesic motions. In fact, let 3, _(7), 23, .(7) denote the solutions (65) of the
geodesic equation for the fifth coordinate under and above threshold, respectively. Then,
it is possible to impose e.g. :c?ntw (7)) = a;gﬂ-m. and find the corresponding value 7 € R.
However, if such a value is replaced in the geodesic solution corresponding to the other
energy range, one finds in general x3,, _(7) = 23, 7 0 .-

The situation is exactly analogous to that one encounters in the case of the Killing
symmetries (see ref.[10]). The non-trivial ”bifurcation of dynamics” in the two energy
ranges is clearly related to the nature change (from parameter to coordinate) the variable
x® undergoes in the passage DSR—DR5. Therefore, dynamic structures present in an
energy range in which the space-time sector is standard Minkowskian — or at least its
metric coefficients are constant — may no longer occur when (in a different energy range)
the space-time of R5 becomes Minkowskian deformed, and viceversa.
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Such a change of role of energy in the geometrical embedding of M in R implies also,
in full analogy with the case of the Killing isometries, that the dynamics in a given 4-d.
space M <x5 = F) is different from the dynamics obtained for the slice of R5 at constant

energy z° = 2% with space-time sector coinciding with M <x5 = F) Symbolically one
has:
Dynamics in R5|,,5_q. 555 7 Dynamics in M <x5 = F) : (309)

In fact the change of role of 2% causes the destruction of the non-homogeneous linearity
in 7 of the geodesic motions in DSR, which is no longer recovered in the inverse process
of slicing of 5 at dax® = 0. This is again at variance with the metric level, where (see
Eq.(7)) the constant-energy sections of R at 2° = 25 are endowed with the same metric
structure of M (F) Again, as in the case of the Killing symmetries, it is possible
to understand this point by remembering that one is considering sections of a genuine
Riemannian space, which therefore do keep memory of the fifth coordinate.

An explicit example of the key dynamic role played by the fifth coordinate in the
embedding process is provided by the results of Sect.7 for the geodesics relevant to class
VIII of solutions of the 5-d. FKinstein’s equations. As already noted, the 5-d. metric
(257) corresponding to the exponent set qyrr; = (0,0,0,0,7) has a standard Minkowski
structure for its space-time sector. In spite of this, the embedding of such a Minkowski
space in R5 (i.e. the presence and the form of the fifth metric coefficient) makes the
dynamic behavior genuinely non-trivial, because to the standard geodesic motion of M
it is added the further condition that the geodesics must correspond to a minimal value
of the time-energy uncertainty.

We can therefore conclude that not only Killing isometries (as discussed in ref.[10],
but dynamics, too, depends on the geometrical framework. This further supports the
deep physical (not only mathematical) significance of the geometrical embedding of M
in R5.
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A Riemannian Structure of R;

The vacuum Einstein equations in the Riemannian space 5 are [6-§]

1

Rap — 59DR5R = N(5)94B,DRs, (A1)

where Rap and R = Rﬁ are the five-dimensional Ricci tensor and scalar curvature,
respectively, and A(s) is the ”cosmological” constant, which may, in principle, depend
on both the energy E and the space-time coordinates x: Ay = Ay (2, E). As is well
known, the Ricci tensor explicitly reads

Rap =0T g — 0pTly; + Tlpl T — T Tk, (A.2)
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I
with the second-kind Christoffel symbols I', ; = given by
AB
2T 5 = 9b0s (089K A,DRs + 049K B,.DRS — OKgAB.DRS)- (A.3)

For reference, let us give the explicit expression of the main geometric quantities in R
[6-8].
- Connection I'4,(2°) (the prime denotes derivation with respect to x°):

(o 0 b 1 1 b
I'os = T'so = 2_50; s =1T5= Q_bl;
b b’
[5= T%= 2_622; [ =T%= 2_;3?
(A.4)
Y AR SR
00 2f ) 11 2f ) 22 2f )
M= 201y - L
2f 7 2f
The Riemann-Christoffel (curvature) tensor in R is given by
Rpcp(a®) = 0cTgp — OpTpe + Tl hp — TikplBe- (A.5)
- Riemann-Christoffel tensor R, pcp(2°):
Lo, bLb. bLb,
Roio1 = Z_fl; Ro2po = Z—;; Roz03 = 40—;; (A-G)
bl f'bo + ()% — 2b0bo f
R _ % 0 02 . AT
0505 o f (A7)
Vb, b, Vb + ()% = 207b
Ri910 = _i_fz; Riz13 = —i—;; Ris15 = 1/ (41b)1f L 1f§ (A.8)
L b, W, by + (b4)° — 202b
Rases = —i—f:}; Rasos5 = /2 <420)f 2 2f; (A.9)
V. by + (b5)° — 207b
Rigs35 = /s & (%) : 3f. (A.10)
4bs f

- Ricci tensor Rap(z°):

16 U by by by f
Ry = —— o _ 0 (_Z0 a 22 _J ). A1l
00 < b, ot b, 7)) (A.11)
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VWY, b B b f
S S W (e B WL S A A12
Hu 2f+4f( e T (4.12)
1 b// b/ b/ b/ b/ b/ f/
Rpp= 242 (0 22,05 /). A13
2= 2f+f< o T b f) (4.13)
1 b// b/ b/ b/ b/ b/ f/
Rypz=-2+2 < + =+ +—2——3——>; A.14
BUof T af by by f (A-14)
RN A AR 4 A A
Ry =—3 (b—0+b—1+b2+ ) +H( +—+b—2+b—3
(A.15)
RIS AS AN AN
4 bo b1 b2 b3
- Scalar curvature R(z°):
R(s%) = bl f (Dybsbo + bsbaby + bybabs) + babs [267by f — bo(b))? f — bob'y f'bi] i
402 f2bybsbo
b/ hbo f (b bsbo + biboby + b{bsby) + bob1bs [2b5bo f — (05)2 f — . f'bs] X
402 f2bsboby
b' 53 f (Viboba + bhboby + bybaby) + bobiba [2645s f — ()% f — Y f'bs] n
402 f2byboby
(A.16)

b/ 000 f (Vybabg + bhbsby + bybaby) + bibabs [2b5bo f — (b)2f — by f'bo] n
102 2hybbs

1
+ 1700 {03 [201D1 f — (U})2f — b f'ba] + b3 [205Do f — (D5)2f — b f/ba] } +
172

e (B8 20of — (RS — B )+ 2 R0 — ()1 — ).

B Energy-Dependent Phenomenological Metrics in DSR

A detailed derivation and discussion of the DSR energy-dependent phenomenological
metrics for all the four interactions can be found in refs. [8]. Here, we confine ourselves
to recall their basic features:

1) Both the electromagnetic and the weak metric show the same functional behavior,
namely
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gDSR,e.m,weak.(E) = dZCLg (17 _bz.m.,weak(E)7 _bz.m.,weak(E)7 _bz.m.,weak(E)) ; (Bl)

1/3
bg.m.,weak(E) = (E/EOe.m.,weak) / ’O < E < Eoe.m.,weak =
17 EOe.m.,weak S E

( B ) 1/3 X
EOe.m.,weak

(where O(z) is the Heaviside theta function, stressing the piecewise structure of the
metric), with the only difference between them being the threshold energy Ej, the energy
value at which the metric parameters are constant, i.e. the metrics become Minkowskian;

=1+ @(EOe.m.,weak - E) 7E > 0.

(B.2)

the fits to the experimental data yield

Eoen. = (4.5 4 0.2) 1€V Eowear = (80.4 + 0.2) GeV. (B.3)

The metric parameter exhibits a ”sub-Minkowskian” behavior, i.e. b(FE) approaches 1
from below as energy increases.
2) For the strong interaction, the metric reads:

gDSR,strong(E) ==
- dzag (bgtrong<E)7 _bistrong(E)7 _bg,strong(E)v _bgtrong(E)) ) (B4)
17 0 S E S EOstrong
bgtrong(E> = =

(E/EOStrong)27 EOstrong S E

() !
EO,strong

B irena(B) = (V2/5) (B.6)

=1+ O(E — Eystrong) JE > 0; (B.5)

b%,strong - (2/5)2 (B7)
with
Eo.strong = (367.5 4 0.4) GeV., (B.8)

Let us stress that, in this case, contrarily to the electromagnetic and the weak ones,
a deformation of the time coordinate occurs; moreover, the three-space is anisotropic,
with two spatial parameters constant (but different in value) and the third one variable
with energy in an “over-Minkowskian” way.
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3) In the gravitational case, the form of the metric is:

9psRgrav(E) = diag (83,4, () =01 gran(E), =03 gray (), —Vgran(E)) ; (B.9)

grav 1,grav 2,grav

1 70 S E S E Tav
b!QJrav(E) = v =
(1 + E/EOgrav)27 EOgT’av S E

1
4
1 E \°
=1+ @(E — EO,grav.) [Z (1 -+ Eo ) -1 ,E >0 (B]_O)
,grav.

(the coefficients b7 ., (E) and b3 ., (E) are presently undetermined at phenomenological
level), with
Eo grav = (20.2 £ 0.1) peV. (B.11)

Analogously to the strong case, the gravitational metric (B.9), (B.10) is time-deformed
and over-Minkowskian.
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